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THE GROUP OF CONTACT DIFFEOMORPHISMS FOR COMPACT 

CONTACT MANIFOLDS 

J. BLAND AND T. DUCHAMP 

,«— * Abstract. For a compact contact manifold M 2n+1 , it is shown that the anisotropic Folland-Stein 

I function spaces V(M),s > (2tt + 4) form an algebra. The notion of anisotropic regularity is 

extended to define the space of F s -contact diffeomorphisms, which is shown to be a topological 

group under composition and a smooth Hilbert manifold. These results are used in a subsequent 

I paper to analyse the action of the group of contact diffeomorphisms on the space of CR structures 

^ on a compact, three dimensional manifold. 

I— 9 

CO 

PhT 1. Introduction 

L—i Contact manifolds arise naturally in complex and CR geometry. The boundary of a strongly 

pseudoconvex domain is a contact manifold, and more generally, any strongly pseudoconvex CR 
manifold is a contact manifold. In each case, the 9;, -operator, which may be thought to embody the 
tangential Cauchy Riemann equations, is a natural operator that arises in analysis. The associated 

i— —i second order operator D& is anisotropic, being second order in the holomorphic tangential directions, 

and only first order in the transverse directions. In [FS], Folland and Stein introduced some 
anisotropic function spaces, the anisotropic Sobolev spaces T s and the anisotropic Banach spaces 

\Q T s ' a to reflect this behaviour, and showed that these operators are solvable with good estimates in 

these spaces. 

In recent years, much attention has been focused on the space of CR structures which a given 

r^ compact manifold admits. A theorem of Gray [G] states that all contact structures in the same 

homotopy class are equivalent. It is natural, therefore, to fix an underlying contact structure and 

study the action of the space of contact diffeomorphisms on the space of CR structures that are 

. . compatible with the fixed contact structure. 

. J^ In |CLj , Cheng and Lee constructed a transverse slice for the action of the contact diffeomorphism 

^ group. They avoided using the anisotropic spaces in |CL] by working in the Nash Moser category. 

In [B] , we restricted our attention to the case of the standard S 3 C C 2 , and used explicit information 
to construct an anisotropic Hilbert space structure on contact diffeomorphisms near the identity. 
In this paper, we show how to generalize the construction in [B], and show that, for general 
compact contact manifolds, contact diffeomorphisms form a smooth Hilbert manifold modelled on 
the anisotropic Hilbert spaces. In [BD3i, we apply our results to construct transverse slices for 
the action of the group of contact diffeomorphisms on the space of compatible Cauchy-Riemann 
structures on three dimensional compact contact manifolds. 
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2 J. BLAND AND T. DUCHAMP 

While our main interest is in the study of the action of contact diffeomorphisms on the space of 
compatible CR structures, the space of contact diffeomorphisms is of independent interest. Smooth 
contact diffeomorphisms were first studied by Gray [GJ. Later, Omori |UH IQ2j worked within 
the category of ordinary Sobolev spaces to show that the space of contact diffeomorphisms is 
an ILH (Inverse Limit Hilbert) Lie group. We note that, in the special case where the contact 
manifold admits a free transverse S 1 action, Biquard [BiJ used a different method to obtain a local 
parameterization for contact diffeomorphisms near the identity. 

In this paper, we study the group of contact diffeomorphisms from the perspective of Folland- 
Stein function spaces, the natural function spaces respecting the contact structure. As we show 
in [BD3J, by working in Folland-Stein spaces, we are able to obtain normal form theorems for the 
action of CR diffeomorphisms on CR structures with only finite regularity. 

The paper is structured as follows. In Section [3j we introduce the anisotropic function spaces, 
and show that for s > (2n + 4), they form an algebra. We believe that the sharp result here 
would be that the intersection of T s with the space of bounded functions is an algebra for all s; 



however, the result which we have stated is sufficient for our purposes. In Section 2.6 we review 
Rumin's complex, and state the results which we will use in the analysis of the space of contact 
diffeomorphisms. In Section [4j we show that Ebin's trick of constructing a local coordinate system 
for the space of diffeomorphisms works equally well for the anisotropic Folland-Stein spaces, and 
then use Rumin's estimates to show the space of contact diffeomorphisms locally forms a smooth 
Hilbert submanifold within the coordinate chart. Using this result, we easily prove that the space of 
contact diffeomorphisms is a smooth Hilbert manifold modelled on the anisotropic function spaces. 

1.1. Notation. We summarize here the notation and conventions used throughout the paper. 

If A is a subset of a topological space X, then A denotes the closure of A in X. If A and B are 
subsets of X, then the notation A (s= B means that A is compactly contained in B. 

If T : A — > B is a map between Banach spaces, with norms || • ||^ and || • ||s, respectively, then 
the expression 



IIHOIIb^ 



A 



means that there is a constant C > such that ||J 7 (/)||b < C||/||^ for all / G A. 

We give M. m the standard inner product (•,•), and we let |-| denote the corresponding norm. 
The symbols (•, •) and || • \\ s , for s = 0, 1, . . . denote the Folland-Stein inner products and norms, 
respectively. 

If N is a smooth manifold, then TN and T*N denote its tangent and cotangent bundles, respec- 
tively; A P N denotes the p-th exterior power of T*N; £l p (N) denotes the space of smooth p-forms 
on iV; £x/3 denotes the Lie derivative of the form (3 with respect to the vector field X; and XJ j3 
denotes interior evaluation. If N has a Riemannian metric, then \X\ denotes the norm of the 
tangent vector X with respect to that metric. 

The symbol C r (E), r = 0, 1, 2, . . . , oo, denotes the space of C r -sections of a fiber bundle E — > Af, 
equipped with the topology of uniform convergence of derivatives up to order r on compact sets. 
Similarly, C r (M, N) denotes the space of C r maps from M to N 

We endow M 2ri+1 with the contact structure defined by the one-form 



n 



m = dx 2n+1 -Y, xn+J dx J 

3=1 



CONTACT DIFFEOMORPHISMS 3 

where [x\ . . . , x n ,x n+1 , . . . , x 2n ,x 2n+1 ) are the standard coordinates on M 2n+1 , and we let dVo 
denote the standard volume form: 

dV = -7] A (d7] ) n . 
We denote the contact distribution of 770 by Hq C TM 2n+1 and we set 

Observe that the collection {Xj, 1 < j < 2n} is a global framing for Hq. Notice that the 1-forms 

rjo,dx j , dx n+j , 1 < j < n, 

are the dual coframe to To, Xj, X n+ j, 1 < j < n. 

Let / = (/ , ...,/ m ) be a smooth, M m -valued function defined on the closure of a domain 
D m R 2n+1 . We define 

X f= f X ii X i2---X it f fort>0 
\f fort = 0, 

where we have introduced the multi-index notation / = (ii,...,it), 1 < ij < In and Xjf = 
(Xif , . . . , Xjf m ). (For t = 0, I denotes the empty index I = ().) The integer t is called the order 
of I and written \I\. 

Throughout this paper, M denotes a fixed smooth, compact contact manifold of dimension 2n+l, 
with contact distribution H C TM. We call sections of H horizontal vector fields. We let 

tt h : T*M -► H* 

denote the projection map; by abuse of notation, we also let 

tt h ■ A p M -»• A p /T 

denote the extension of 7r# to the exterior product bundles. For convenience, we assume that M 
supports a fixed contact one-forrrll n. The characteristic (or Reeb) vector field T is the unique 
vector field satisfying the conditions TJ 77 = 1 and TJ <ir/ = 0. We can then identify the dual 
contact distribution with the annihilator of T, i.e. 

H* = {(3 £ T*M : TJ (3 = 0} C T*M ; 

more generally 

APH* = {(3e A p (M) : TJ (3 = 0} , 
and we have the identity 

(1.1.1) tt h (/3)=TJ (r/A/3). 

Two forms /3i and /?2 on M are said to be equal mod 77, written 

/3i = /3 2 mod 77 , 

if and only if /3i = /?2 + 77 A a, for some a £ Q*(M). An easy exercise in the exterior calculus proves 
the equivalences 

/3i = f3 2 mod 77 ^ 77 A (ft - /3 2 ) = ^ TJ ((/3 X - f3 2 ) A 77) = ^ 7T H (/3i) = ^(/3 2 ) . 



None of our results depend on this assumption, for if the line bundle TM/ H is non-trivial, we can lift to a double 
cover of M, where a global contact form does exist. 
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We will also fix an endomorphism J : H — > H such that J 2 = —Id and such that the operator 
X i—)- dr/(X, JX) is non-negative. (Such an endomorphism always exists.) We let let g denote the 
Riemannian metric defined by the formula 

g(X,Y) = V (X) V (Y) + d V (X,JY), 

were we have extended J to a map J : TM — > TM by setting J(T) = 0. The endomorphism J 
and the metric g are said to be adapted to the contact structure. Finally, * denotes the Hodge star 
operator associated to the metric g. 

We say that a chart <\> : U — )■ M 2n+1 for M is an adapted coordinate chart if r\ = 0*770- It follows 
that the identities (ft^T = Tq and (ft^H = Hq hold for adapted. An adapted atlas for Mis a finite, 
smooth atlas {^> Q : U a — )• IR 2 ™ +1 }, consisting of adapted coordinate charts, together with open 
regions D a <s 4>a{U a ) such that {W Q = ^~ 1 (-D Q )} covers M. By compactness of M and Darboux's 
Theorem for contact structures |Arn| page 362], M has an adapted atlas. An adapted coordinate 
chart for a fibre bundle ir : E — > M with m-dimensional fibres is a coordinate chart for E of the 
form 

tP:U^ <P(V) x R m : q ^ (<j>(*(q)) lX (q)) 
with tp surjective and where : V — )• M 2n+1 is an adapted chart for M. The chart is said to be 
centered at the point q$ if in addition ip(qo) = (0,0). If a : V — >• U is a local section of -E, the 
function / CT : cp(V) —> M m defined by the formula 

fa = X°o-o ( j)- 1 

is called the local representation of <r. 

2. Global analysis on contact manifolds 

In this section, we develop some of the analytical machinery we need to study the space of 
contact diffeomorphisms of M . We begin by introducing the Folland- Stein spaces V s associated to 
a compact contact manifold. We then introduce the notions of horizontal jet of a section of a fibre 
bundle and define the notion of contact order of a differential operator. We close this section with a 
discussion of Rumin's Complex [R] and its associated Hodge theory, which we need in Section^ to 
construct a local parameterization of the group of r s -contact diffeomorphisms of a compact contact 
manifold M. Most of the results in this section are extensions of definitions and theorems in [Pal 
and [E] to the context of contact manifolds. 

2.1. Folland-Stein function spaces. Let Dbea bounded domain in M 2n+1 . The Folland-Stein 
space T s (D,M m ) is the Hilbert space completion of the set of smooth, M m -valued functions on D 
(the closure of D) with respect to the inner product 



U,9)d,:= V / (X I fX I g)dV . 



0<\I\< 

The associated norm is written ||/||d,s = \/(f, I)d,s- When no confusion is likely to arise, we 
suppress reference to D and write ||/|| s ; and we set T S (D) := T S (D,M. 1 ). 

Remark 2.1.1. Although we used the contact framing {Xj : 1 < j < 2n} of Hq and the volume 
form dVo = —r]Q A (dr]Q) n to define the inner product, an equivalent norm results if the framing 
is replaced by any smooth framing of Hq and dVo is replaced by any smooth volume form on D. 
In particular, suppose that D' C IR 2n+1 is another bounded domain and F : D — )■ D is a smooth 
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diffeomorphism that restricts to a contact diffeomorphism between D and D'. Then composition 
with F induces an isomorphism 




between Banach spaces. To see this, notice that because the derivative of F respects the contact 
distribution, Xj(f o F) is a linear combination of terms of the form cj ■ (Xjf) o F, \J\ < s, where 
cj denotes a smooth function formed from F and its derivatives. It follows that /o F is of class V s . 
We caution the reader that the condition that F be a contact diffeomorphism is essential. For if F 
does not preserve the contact distribution then the expansion of Xj(f o F) will in general involve 
terms of the form Xjf with \J\ > s, which may not be square integrable. 

The next lemma follows immediately from the definition of V s . 

Lemma 2.1.2. The estimate 

ll/IU^^II^/IU + ll/Ho 

3 

is satisfied for all f € T S (D), s > 0. 

We shall repeatedly make use of the following Sobolev Lemma for Folland-Stein spaces, which is 
an immediate corollary of \FS\ Theorem 21.1]. 



Lemma 2.1.3. Let D' m D m M 2n _ +1 , and let s = k + n + 2, k > 0. Let f G T s (D,R m ). Then the 
functions Xjf are continuous on D' for all multi-indices of order \I\ < k. Moreover, 

max \X r f(x)\< H/ll D)S 

x£D' 

for all \I\ < k. If\\f\\D,s < oo for s = 2k + n + 2, then f is of class C k on D' . Moreover, the linear 
map 

T s (D,R m )^C k (D',M. m ) 
defined by restriction to D is continuous. 

2.2. Estimates for algebraic operations. In this section, we prove some basic estimates. Lem- 
mas 2.2.1 and 2.2.2 are needed for our proof in Section [3] that composition and inverses of contact 
diffeomorphisms are continuous operations. Lemma |2.2.3| and Proposition 2.3.5 are fundamental 
estimates used throughout the paper. 

Lemma 2.2.1. Let s > 2n + 3, k < s and consider open sets D' (g D <e M 2n+1 . Then, for any 
functions f G T s (D),g £ T k {D), 

\\f ■ g\\D',k -< ||/||d, s • llfflb.fe- 

Consequently, multiplication extends to a smooth bilinear mapping 

T S (D) x T k (D) -> T k (D') . 

Proof. We need only prove the estimate for smooth functions / and g on D. Recall that 

\\f-9\\l',k= E / \Xi(f-g)\ 2 dV . 

^~" I TV 
\I\<k 
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Applying the Leibniz rule, we find that 



\\f-g\ 



D'k 



-< 



£ 



\J\+\K\<k 



\X,j(f)\ 2 \X K (g)\ 2 dV , 



D> 



D 



There are two cases to consider: k < (n + 1) and k > n + 1. In the first case \J\ < n + 1 for 
every summand, and we have the estimates 

\Xjf\ 2 \X K g\ 2 dV -< (sup \Xjf(x)\ 2 ) \\X K g\\ 2 D , fi 
\xeD> J 

II r \\2 || i|2 

^\\j\\D,\J\+n+2 \\9\\D,k 

<f\\ 2 D,s\\9\\D,k, 

where we have used the Sobolev inequalitjQ (Lemma 2.1.3) at the penultimate inequality. 

In the latter case, in each term either \J\ < n + 1 or \K\ < k — (n + 2). In the first instance we 
bound the term by ||/||f) s \\g\\% & as before; in the latter case we have 

\Xj(f)\ 2 \X K (g)\ 2 dV ^\\Xjf\\ 2 D , fi sup \X K g(x)\ 2 

D' x£D> 



H 



2 || ||2 

d,\j\ ll5 f lli),|ii:| + „+2 



^ll/llD,Jl^llz?,fc- 



where we have again made use of Lemma 2.1.3 . Summing over all terms gives the final estimate. □ 

Lemma 2.2.2. Let D' and D be open sets with D' d D d M 2n+1 ; and let f be a function in T S (D), 
where s > In + 3. Suppose that 1/ / is bounded from above on D' by a positive constant C > 0. 
Then 

||i//lk,^(i + ||/IM s - 

Consequently, 1// is contained in T S (D'). Moreover if 1/f < C for another function f £ V s (D) 
then 

111// " l/f'\\D',s ■<(!+ ll/lksHl + ||/'IM S 11/ - f\\D,s ■ 



Proof. We have to estimate the quantities 



D' 



Xj 



dV 



for \J\ = t < s. Now, by the quotient and product rules each such term is bounded by a sum of 
expressions of the form 

x Jif ■ Xj 2 f ■ .. .X Jp f l 



D> 



p+i 



dV , 



where |Ji| + IJ2I + • • • + \J P \ = t. Notice that \Jj\ > s/2 for at most one multi-index. Hence, 
computing as in Lemma|2.2.1[ we have 



LV 



(XjJ).(XjJ)...(Xj p )f 



fp+l 



dv -< c 2 ^ . (wfwi.r 1 



2 
D,s 



^(i + ll/IM 6 



Summing over all terms gives the first estimate. 



We note here that when \J\ = n + 1, J\ + n + 2 = 2n + 3; whence the condition s > 2n + 3 in the statement of 
the Lemma. 
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The second estimate follows immediately by applying the first estimate and applying Lemma 2.2.1 



to the quantity 1// - 1//' = (/' - /)///'. □ 



A minor modification of the proof of Lemma 2.2.1 gives an estimate for the product of several 
functions. 

Lemma 2.2.3. Let D' m D <s R 2n+1 , with D' and D open and s>2n + 4. Then 

ll/i • • • fp\\D', s -< II/iIIa* • • • II/pIIa* 

for all fj eT s (D) for j = 1,2,..., p. 

Moreover for s > 2n + 4, 

v 

ll/l - - - fp\\D',s ~< 2_^ ||/i||d,s-1 • • • ||/i-l||D,s-l||/j||-D,s||/j+l||o,s-l • • • ||/p||z),s-l , 

i=i 
for all f j eY s {D),j = 1,2,..., p. 

Proof. The proof is similar to the proof of Lemma 2.2. 1| By the product rule, 



iTiT JD' , T i , , t ,^ Jd' 



P i 2 dV , 



\J\<8 \Jl\ + - + \Jp\<S 



where Xjf is defined in Section 2.1. We need only bound each term in the right-hand summation. 
Since s > 2n + 4, it follows that \JA > s/2 > n + 2 for at most one multi-index, say Jj in the 
right-hand sum and that (since n + 2 < s/2) 

| Ji\ + n + 2 < s/2 + n + 2 < s for i / j . 



Hence by Lemma 2.1.3, Xjji is continuous and sup.j, eD / \XjJi\ -< ||/j||d,s- Consequently, 

/ |x Jl / 1 | 2 ...|x Jp / p | 2 dy ^n su Pl x ^^l 2 • / l^// d ^ll/iHL---lli P llL> 

JD' ZT-x&D' JD' 

from which the first estimate follows. 

Now suppose that s > 2n + 4. Then in the previous paragraph | Jj| + n + 2 < s — 1; and 

su Pa;eD' I^Ji/il "< ||/i|lA*-i for i i z ii yielding tne estimate 

p 

ll/l ' ' ' /pill)',* ^ X/ II/iHd,s-1 • • • ll/j-l|ll),s-lll/jllz? ) all/j+l|||?,a-l • • • ll/pllz?,s-l 

i=i 

-< ( 22 ll/l[lAa-l ■ ■ ■ ll/i-l||-D,a-l||/7'||D,a||/i+l||-D,a-l • • • ||/ P ||d,s-1 
3=1 

□ 

2.3. The Folland-Stein space of sections of a vector bundle. In this section we define the 
Folland-Stein of sections of a vector bundle over a contact manifold. 

We begin by extending the definition of the Folland-Stein space T s (D,W n ) of functions to the 
space T S (M, R m ) of functions on a compact contact manifold. Let (<p a , U a , D a ) be an adapted atlas 
for M. A function / : M — >■ W 71 is said to be a V s -function if the functions f a = f o (j)^ 1 lie in 
T s (D a ,R m ) for all a. The formula 



{Ji9)m,s ~ 2—1 \J a i9a, 



D a ,s 
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makes T s (M,W n ) into a separable Hilbert space. The Sobolev Lemma 2.1.3 clearly extends to this 
setting: 

Lemma 2.3.1. Let s = k + n + 2, and let Yj, j = 1, 2, . . . k be smooth sections of H C TM . Then 
for any function f £ T S (M, W 1 ), the functions Y1Y2 . . . Y^f are continuous on M . Moreover, 

max|F 1 F 2 ...y fe /(x)H||/|| M , s 

xGM 

If ||/||m,s < °° f or s = 2k + n + 2, then f is of class C on M . In particular for s = 2k + n + 2, 
the linear map 

T s {M,R m )^C k {M,R m ) 
is continuous. 



Similarly, Lemma 2.2.3 assumes the following global form: 

Lemma 2.3.2. Ifs>2n + 4 

ll/l • • ■ fp\\M,s -< ||/i||m,s • • • II/pI|m,s , 
and if s > 2n + 4, 

k 
||/l ■••/p||m,s < 2^ [|/l||M,s-l ••• ||/j-l|U//,s-l||/j||Af,s||/i+l|Uf,s-l • • • ||/p||m,s-1 , 

for all fj 6P(M), j = l,2,...,p. 

We define the Hilbert space of Folland-Stein sections V s (E) for tt : E — > M a smooth vector 
bundle of rank m as follows. View T S (M,W), r > 1, as the Folland-Stein space of sections of 
the trivial vector bundle M x W — > M. For r sufficiently large, there is a vector bundle injection 
E4MxI r . Define an inner product on C°°{E) by the formula 

for f,g £ C°°(E), and let T S (E) be the Hilbert space completion of C°°(E) with respect to this 
inner product. It is not difficult to check that, although the inner product depends on t, the space 
V s (E) does not. 



Remark 2.3.3. Because T S (E) is a closed subset of T S (M, W), the Sobolev Lemma (2.3.1) extends 
to this setting, 

The next proposition is the analogue of "Axiom B2" of Palais (see [Pall page 10]) in the setting 
of contact manifolds. 

Proposition 2.3.4. Let F : M —> N be a smooth contact diffeomorphism between two compact, 
contact manifolds. Let E — )■ iV be a smooth vector bundle over N and let F*E — > M be its pull-back 
to M . Then the map a 1— >• a o F is a Hilbert space isomorphism between T S (E) and T S (F*E). 

Proof. Choose a bundle injection 1 : E '—$■ N x W, and let {(f> a : U a — > M 2ra+1 } be an adapted atlas 
for N (see Introduction). Set U' a = F- x (U a ) and <f/ a = <f) a o F. Then {(j)' a : U' a -+ R 2n+1 } is an 
adapted atlas for M. Use this atlas to define the inner product on V s (M, M r ). Then by construction 

(f°F,g°F)s,M = {f,g) s ,N 

for all f,g£ T s (N,M. r ). Restricting / and g to sections of E then gives the result. □ 

The next proposition shows that V s satisfies "Axiom B5" of Palais ([Pal, page 39] for all s > 2n+4. 
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Proposition 2.3.5. Let Ej — > M , j = 1, 2 be smooth vector bundles over M and let F : E% — > E 2 
be a smooth (not necessarily linear) fibre-preserving map. Then the map 

T F : T S {E X ) -> T S {E 2 ) : a H- F o ct 

is a C°° maj) /or all s > 2n + 4. 

Moreover, if E\ is equipped with norm \-\ei, then for every a G r s (£'i) and every c > i/iere is 
a polynomial Q with non-negative coefficients of total degree at most s such that 

(*) ||Fo --Fo -'|| s < \\a-a'\\ s Q s (\\a\\ s ,\\a'\\ s ) 

for all a' € V s (Ei), with \a' — a\ < c. 

Proof. Our proof follows a similar argument in |Pal|, Theorem 11.3]. We first show that T F satisfies 
the polynomial estimate Q, from which continuity of F F follows. It suffices to work in local 
coordinates of an adapted atlas for M. Then V s sections of Ej can be identified with elements 
of T s (D,M. m i), where rrij is the fibre dimension of Ej. Let / : D — >• M mi be the local coordinate 
representation of a, and choose a constant c > 0. Choose a' so that it's local representative 
g G r s (Z?,]R mi ) satisfies sup xe£) \g(x) — f{x)\ < c. Then in local coordinates F oa(x) = F(x,f(x)) 
and F o o~'(x) = F(x,g(x)). By smoothness of F and compactness of D', all derivatives of F are 
bounded and smooth on the set {(x, y) : x G D' , \y — f(x)\ < c. Hence, there is a fixed constant 
C > such that 

(i) \F (k \x,y)\ <C md\F^(x,y)-F^(x,z)\ < C\y - z\ 

for all (x,y) and (x, z) with \y — f{x)\ < c and \z — g(x)\ < c, where F^ k '(x,y) denotes any mixed 
partial derivative of F of order k < s. 

Next recall that \\F o f — F o g\\ 2 D , s is a sum of integrals of the form 

(ii) / iXjiFixJix^-Fix^ixmfdV 

Jd> 

for |/| < s. By the chain rule, Xj {F(x, f(x)) — F(x,g(x))} is a finite sum of terms of the form 
(iii) FW(x, f{x)) ■ X h f(x) ■ ■ ■ X Ih f(x) - F( fc )(x, g(x)) ■ X h g(x) ■ ■ ■ X h g(x) 
= [fW(x, f(x)) - FW(x, g(x))} ■ X h f(x) ■ ■ ■ X h f(x) 

+ (F^(x,g(x)) ■ {X h f(x) ■ -XjJ{x) - X h g(x) ■ -X Ik g(x)} 
where < k < s and J2j=i \Ij\ — s - ^PPly m g (i) to (iii) gives the estimate 

(iv) \FW(x,f(x)) ■ X h f(x) ■ ■■XjJix) - FW(x,g(x)) • X h g(x) ■ ■ -X Ik g(x)\ 

<C\f(x)-g(x)\-\X I J(x)---X Ik f(x)\ + C\X I J(x)---X I J(x)-X h g(x)---X Ik g(x)\ 
The right-hand side of (iv) can, in turn, be bounded by a finite sum of terms form 
(v) C\X Io (f(x) - g(x))\ ■ \X h f(x)\ . . . \X Ik ,f(x)\ ■ \X Iy+y g{x)\ . . . \X Jy+yl g{x)\ 

where < |Jj| and Yl,i=o \^\ — s - Substituting (v) into (ii) shows that \\F o f — F o g\\ 2 D , 
bounded by a sum of integrals of the form 



is 



(vi) / C'\X Io (f(x) - g(x))\ ■ \X h f{x)\ . . . \X Ikl f(x)\ ■ \X Ik>+i g(x)\ . . . \X Ik , +k „g{x)\ 



D 



\X Jo (f(x) - g(x))\ ■ \XjJ(x)\ . . . \Xj e ,f(x)\ ■ \X Jef+i g(x)\ . . . \Xj e+lfl g{x)\ dV 
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where < \Jj\ and Yjj=o Wj\ — s - 

Notice that |Jj| > s/2 and \Jj\ > s/2 for at most one i and at most one j, and since s > 2n+4, the 
Sobolev Lemma 2.1.3 applies, to show that the remaining factors in the integrand are all continuous, 
hence bounded on the compact set {(x,y) : x E D 1 , \y — f{x)\ < c}. It follows that the integral in 
(vi) is bounded by an expression of the form 

C / ||/-<7llLll/lllll5llK s ll/lllsll5llt, 

for C a constant depending on s, F, c, and D'. Since k' + k" < s and £' + 1" < s, it follows that 

\\Fo f - Fo g\\ D , tS -< ||/ - g\\ DjS Q(\\f\\o,s, \\g\\D,s) , 

where Q(u, v) is a polynomial of bidegree at most s in u and v , with non-negative coefficients. 
Applying this to each chart in an adapted atlas yields the global estimate Q. 

We now show that T F is C 1 with derivative given by the formula 

dT F = T SF : r s (£i) x T s (£i) -). T S {E 2 ) 
where 5F : E\ Xm E\ — > E 2 is the smooth fibre bundle map defined by the formula 

d 



SF x (u,v) dh 



F(u + hv) , for all x E M and u, v E E\^ x . 

h=0 



To show that 

Um ||r F ((i + v)- T F (a) - T SF (a, v)\\ s = Q 

D->0 H^lls 

first observe that 5F can be expressed as a smooth map of the form 

5F : Ex ^Hom(£i,£ 2 )- 

Hence, 

T(5F) : T s {Ex) -»■ T s (Hom^,^)) 
is continuous, and for all e > there is a 5± such that 

||r(<5F)(<r + v) - T(5F)(a)\\ s < e whenever ||u|| 8 < S x . 
Using this observation, we compute as follows: 

r F (^ + i;) - r F (<r) - T SF (a, v) = F{a + v) - F{a) - 5F a • v 

= I {5F a+tv ■ v - 5F a ■ v} dt = I {T SF (a + tv)(v) -T SF (a)(v)} dt 
Jo Jo 

Hence, if \\v\\ s < Sx then 

\\T F (a + v)-T F (a) -T SF (a,v)\\ s < / \\T SF (a + tv)(v) - T SF (a)(v)\\ s dt < e\\v\\ s . 

Jo 

This show that T F is differentiable at a. That it is continuously differentiable follows from the 
identity dT F = T SF and continuity of T SF . 

That T F is smooth follows by induction. For assume that for some k > 0, T F is C k , for all 
smooth F : Ex — )■ E 2 , and all Ej. To show that T F is C + , we need only show that its derivative 
dT F : T s (i?i x Ei) —j- T S (E 2 ) is C fc . But dT F = T SF , and (5F is, a smooth fibre bundle map. 
Consequently, dF F is C fc , completing the induction step. □ 
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2.4. The Folland- Stein space of sections of a fibre bundle. In this section we define the 
Folland- Stein space T S (E) of sections of E for s > 2n + 4 in the case where n : E — > M is a smooth 
fibre bundle over M. For this range of s, V s (E) is a smooth infinite dimensional manifold modelled 
on the Folland-Stein space of sections of certain vector bundles. The construction and the proof 
are due to Palais (see |PaH Chapters 12 and 13] for details). We emphasize that this construction 



depends heavily on Propositions 2.3.4 and |2.3.5 (Palais' Axioms B2 and B5), which are satisfied 
for s > 2re + 4. 

Let 7r : E — > M be a fibre bundle, and choose a smooth section a € C co {E). The bundle of 
vertical tangent vectors along a is the vector bundle defined by 

T a {E) = {X € TE a{x) : x e M, dn{X) = 0} . 

Palais shows that there is a smooth fibre bundle isomorphism 

^j open 

(2.4.1) ^:T a (E)^O a C E 

where O a is a neighbourhood of the image of a. Palais also shows that the the image of every 
continuous section of E is contained in a set of the form O a for some smooth section a. 

Consequently every continuous section of E can be identified with a continuous section of T a (E) 
for some a £ C°°(E), and C°(E) can we written as the following union of open sets: 

C°(E)= |J C°(T a (E)). 



Since s > 2n + 4 > n + 2, Lemma 2.3.1 applies to give continuous inclusions V s (T a (E)) C C°(T a (E). 
We may thus define the Folland-Stein space V s (E) to be the union 

T S (E)= |J r s (T a (E)), 
o-eC°°(E) 

equipped with the weakest topology such that r^ : T s (T a (E)) — > T S (E) is a continuous open map 
for all a G C°°(E). 

In fact, V s (E) is a Hilbert manifold with C°° atlas given by the charts T(ip~ l ); and as Palais 



shows, smoothness of the transition functions for this atlas follows from Proposition |2.3.5 
The above construction is functorial: 

Proposition 2.4.2 (Palais, Theorem 13.4). Let Ej —> M, j = 1,2 be smooth fibre bundles over M 
and let F : E\ — )■ Ei be a smooth fibre-preserving map. Then the map 

T(F) : T s (£i) ->■ T S (E 2 ) : a M- F o a 

is a C°° map of Hilbert manifolds for all s > 2n + 4. 



Remark 2.4.3. By construction, the Sobolev Lemma 2.3.1 extends to define a continuous injection 
T S (E) C C k (E), for s = max(2/c + n + 2, In + 4) . 

The case where E is the trivial fibre bundle £ = MxJV->Misan important special case: 

Definition 2.4.4. Let iV be a smooth manifold without boundary. For s > 2n + 4, the Folland- 
Stein space T S (M, N) of maps from the contact manifold M to the manifold iV is the Folland-Stein 
space of sections of the trivial fibre bundle M x iV — )• M. 
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Corollary 2.4.5. Let F : N — )■ N' be a C°° map between C°° manifolds. Left composition with F 
defines a C°° 

L S F : T S (M, N) -> T S (M, N') : G^FoG 

for all s > 2n + 4. If F : N ^- N is a diffeomorphism of N then L S F is a diffeomorphism of 

t s (m,n). 

Proof. View composition with Fasa smooth bundle map (x,y) t— > (x,F(y)), and apply Proposi- 
If F is a diffeomorphism then R F -i is the smooth inverse of R S F . □ 



tion 



2.4.2 



2.5. Horizontal jets and differential operators. The goal of this section is to extend the 
framework of [Pal, Chapter 15] to the context of differential operators on contact manifolds. 

Let it : E — > M be a smooth fibre bundle over M, and choose an adapted coordinate chart 

%b: U -Kf>(V) xl m : pt->(x,y), 

as defined in Section |l.l| Two smooth local sections o~i, i = 1,2, of E defined on V, with local 
representations fi : (f>(V) —> M m , are said to be contact equivalent up to order k at a point p € V if 
and only if 

(2-5.1) X I f l {<t>( P ))=X I fo{4>(jp)) 

for every multi-index / with < \I\ < k. It is easy to check that contact equivalence is an 
equivalence relation and that it is independent of coordinates. The horizontal k-jet of a at p, 
written j#e>"(p), is the equivalence class of the local section a at p 6 M, JfjE denotes the space of 
all horizontal /c-jets. The map tt : J^E — > M defined by 

* (jH<r(p)) = P 



makes the space of horizontal &;-jets into a fibre bundle with fibres of dimension m ■ iVj., where Nk 
is the number of indices A with |^4| < k. 

Remark 2.5.2. By virtue of the commutation relations among the vector fields To, X\,. . . X2 n , any 
differential operator of the form Y1Y2 . . .Y r , where Y±, . . . , Y r are arbitrary vector fields on an open 
set V C M, can be expressed uniquely in local coordinates as a linear combination of operators of 
the form 

Da '■= Xi ■ ■ ■ Xu X2 • • • X2 , ■ ■ ■ , X2n ■ ■ ■ Xin Tp • • -Tq 

where A = (a±, 0,2, ■ ■ ■ , a2n, &2n+i), < a,j. Moreover, if Y±, . . . , Y r are all horizontal, then a\ + 02 + 
• • • + CL2n + 2a2n+i = T. The integer \A\ = a\ + ■ • • + «2n + 2a2 n +i is called the contact order of Da- 
It follows that a"i and 02 are contact equivalent up to order k at p if and only if 

D A fl(Hp)) = DAf2(Hp)) 

for all multi-indices A with \A\ < k. 

Lemma 2.5.3. Let E — )• M be a smooth fibre bundle with fibre dimension m. Then J^E — )• M is 
a smooth fibre bundle. Moreover, if a is a smooth section of E then jjjcr : p 1— > jjja(jp) is a smooth 
section of J^E. If F : E\ —> E2 is a smooth map of fibre bundles, then so is the map 

J k H (F) : J k H E 1 -> J k H E 2 : j k H a(p) ^ j k H (F o a)(p) . 

This construction is functorial, i.e. Jjj(G o F) = J^(G) o J^(F), for G : E2 — > E3 a smooth map 
of fibre bundles. 
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Proof. We give an outline of the proof, leaving some details to the reader. To define a coordinate 
chart for J%E, choose a point qo G E and let po = Tr(qo)- Let 

V>: U-Kf>(V) xf : q^ (x,y) 



be adapted coordinates for E centered at qo (see Section 1.1); and let U be the set of horizontal 
/c-jets of sections of E defined on V and with values in U C E. Viewing M. m ' Nk as the space of 
m x Nk matrices, we can define local fibre bundle coordinates 

^ : U -> R 2n+1 x R m - Nk 

by the formula 

^(j k H o-(p)) = ((x(p)),(D A f a (p))), 



where f a is the local representation of a (Section 1.1), DaJo is the derivative of f a with respect 
to the multi-index A, and we have given the set {A : \A\ < k} the lexicographical ordering. 
We need only show that if) is a bijection between U and 4>(V) x W n ' Nk for U a sufficiently small 



neighbourhood of qo. By the discussion in Remark 2.5.2, ip is injective. 

To prove surjectivity, choose a point S = {Sa £ R m '■ \A\ < k} G M m '" fe , and consider the 
polynomial section 

y = a s (x) = J2 ^Sa • (x 1 )" 1 . . . (a**)*** (a** 1 )*** 1 . 

where we have adopted the notation A! = ai! . . . a2 n !a2n+i!- Now for any point p = (x , . . . , z 2n+1 ), 
the map 

S 1 ^ $(as(p)) = (x,D A a s {x)) 

may be viewed as a linear map L x : R m '" fc — >• W n ' Nk . Notice that L x depends smoothly on x. To 
show that L x is a bijection for x sufficiently near 0, we need only verify that Lq is injective. But a 
straightforward computation shows that 

/Sa lor A' = A 

E>a'0~s{v) = \ 

I otherwise, 

i.e. Lq is the identity map. This shows that ifi is surjective on the fibre of J\E over all points p 
sufficiently near pq. Thus, after a possible shrinking of U, the map 

i) : U -»• M 2n+1 x r fffc 

is a bijection between [/ and </>(C/) x W n ' Nk . 

By letting go vary over all E, we obtain a smooth atlas for JfjE. We topologize Jj^-E 1 by requiring 
each of the charts ip to be a homeomorphism. That these charts form a smooth atlas making JfjE 
into a smooth manifold follows from the observation that Hip and if/ are two charts then ifj' oip^ 1 is 
a diffeomorphism between 0(f7 n U') and </>'(C7 D U'). The proof follows by standard arguments in 
advanced calculus (i.e. the Inverse Function theorem and the Chain rule) and is left to the reader. 

That Jjj(F) and j^a are smooth follows from the Chain Rule, as does the identity J^(GoF) = 
J k H (G) o 4(F). ' " □ 

Remark 2.5.4. In the special case where E — > M is a smooth vector bundle, then so is JjjE — > M, 
with linear structure induced by the formula 

aiJtfCifa) + a 2 JH°2(p) = j k H {ai(Ti + a 2 a 2 ){p) ■ 
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Lemma 2.5.5. Let E —> M be a smooth fibre bundle over M . Then the map 

T(j H ):T s (E)^T s - k (J k H E) : a m- j k H a 

is a smooth map of Hilbert manifolds for all k and s such that s > 2n + 4 + k. In the special case 
where E is a vector bundle, T(j H ) is a bounded linear map of Hilbert spaces. 



Proof. From the discussion in Section 2.1 it suffices to analyze T(j H ) in the neighbourhood of 
a fixed section of E. By definition of the Hilbert manifold structure of V s (E) we may, without 
loss of generality assume that E is a vector bundle, and we must only show that the linear map 
T(j H ) is bounded. By definition of the inner product on T S (E), the result then follows from a local 
computation: Choose an open set V <g M and a trivialization E,y ~ V x R m . Then a section a of 

E over V is given by an M m -valued function f a and its horizontal k-jet j^a : V — > J^jM can be 
identified with the m x N^ matrix-valued function 



j k H a = (D A f a ] 



\A\<N k 



So 



\J k H°\\h-k = Y, E / \Xj(3 k H* J )\ 2 dV = Y, E [ \XjDaU\ 2 dV 

j 0<\J\<s-k V 0<|J|<s-fc|A|<fc 

[iXjUfdVo^Wa] 



< Y; I \Xif ff \ 2 dV <\\a\\ 2 Ks 



0<|/|<s 



D 



Definition 2.5.6. Let E\ and Ei be smooth fibre bundles over M. A differential operator of 
contact order k from E\ to Ei is a map of the form 

D : C 00 ^) ^h C 00 (J^ J Bi) A C°°(E 2 ) . 

where F : J\^E\ — > E 2 is a smooth fibre bundle map and F* is defined by the formula 

F4&) = Foa for a G C°°(J^ J Bi) . 

Proposition 2.5.7. Let D be a differential operator of contact order k as above. Then D extends 
to a smooth map 

D : T s (£i) ^h T s - k {J%E x ) A T s - k {E 2 ) , 

for all s > 2n + 4 + k. 

In the special case where E\ and E% are normed vector bundles, for every section a £ V s (Ei) 
and every constant c > 0, there is a polynomial Q of degree at most s — k such that the estimate 

1 1 j — -v 7--j /ii ** II /|| r\{\\ II II /|| \ 

\\Da - Da || s _ fe < \\a - a \\ s ■ Q(\\a\\ s , \\a \\ s ) 
holds for every section a' E T s (Ei) satisfying \jjj(r'\ < c. 



Proof. The first part of the proposition is an immediate corollary to Propositions 2.5.5 and 2.3.5 



The second part of the proposition follows from estimate in Proposition 2.3.5 □ 



Remark 2.5.8. The restriction s > 2n + A + k in Proposition 2.5.7| can be relaxed to s > k when D 



is a linear operator, and the estimate assumes the form [|Da"|| s _fe < C||<t|| s . When D is nonlinear, 
the term ||JD<7[| a _fc involves products of a and its derivatives, and estimating these expressions uses 



Lemma 2.2.3, which assumes s — k > In + 4. 
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Examples 2.5.9. As examples, we consider the contact order of some basic operators that we need 
later. Let M be a contact manifold with contact form r/ and characteristic vector field T. 

(i) Lie differentiation with respect to the Reeb vector field T C T ■ T S (M) -> T S ~ 2 (M) : f ^ 
T(/) is a differential operator of contact order 2. To see this, we work locally, using an 



adapted coordinate chart : U — >■ M 2n+1 as in Section |l.l| Note that 4>*T = Tq ~ 
But since To = [Xi,JC n+ i] 
that T has contact order 2. 



But since Tq = [Xi,JC n+ i], the Lie bracket of the two horizontal vector fields, it follows 



o nor 



(ii) The exterior derivative operator d : T S (A P M) — > F s ~ (A p+ M) : a H > da is a differential 
operator of contact order 2. We again work locally. First consider the case p = 0, where 
a = f, for / a scalar function on M. In this case, 

In 

df = J2 X k(f)dx k + T (f) m . 
k=i 
Since the term To(/)r/o has contact order 2, and all other terms depend only on the horizontal 
1-jet of /, we see that da has contact order 2. For p > 0, a can be expressed in the form 

a = ^2 fi dxI + ^2 9K Vo a dxK ' 

/ K 

where dx 1 = dx l1 A • • • A dx lp and r/o A dx = r/o A (ix fcl A • • • A dx fcp_1 , where summation 
ranges over indices J and if of the forms ii < ^2 < • • • < i p < In + 1 and k\ < fe < • • • < 
fcp_i < 2n + 1. Hence, 

da = y^ dfj A dx + \^ dgn A r/o A cix + \^ dRdrjo A dx , 

which is clearly of contact order 2. 
(iii) Exterior differentiation followed by projection onto A*H* is a differential operator of contact 
order 1: 

d H : T s (A p M) -> T S -\A P+1 H*) : a^da-r]A(TJ da). 

To see this, let a be given in local coordinates as in (ii). Then an easy computation gives 

„A' 



ducn = 2_, ditfl A dx + y. dKdrjo A dx 



I K 

^2n 



But (if/// = YlkLi Xk(fi)dx k , which is of contact order 1. 
(iv) Now suppose s > 2n + 4, let E — > M be a smooth fibre bundle, and let (3 be a fixed, smooth 
p-form on the total space E. The restriction on s ensures that the Folland-Stein space 
V s {E) is well-defined. (Since A P M — > M is a vector bundle, the restriction s — 2 > 2n + 4 
is not required to define r s_2 (A p M).) We claim that the differential operator 

Pp : V s (E) -> r s - 2 (A p M) : a ^ cj*/3 

is a differential operator of contact order 2. To see this, we work in adapted product 



coordinates (x, y) G IR 2n+1 x M m on E (see Section 1.1 ). A section a oi E is then represented 
locally by a function y = f ff {x), which (by the Sobolev lemma) is at least of class C 1 . The 
form f3 can be written 

(2.5.10) /3= Y] A I , K (x,y)dx I A dy K + Y] B IjK (x,y) rj A dx 1 A dy K 

\I\ + \K\=p |/|+|A|=p-l 

where I and K are the obvious increasing multi-indices. Notice that the puilback er*/3 
is obtained by setting y = f a (x) and expanding. But for a function f a , the differential 
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fa- i— > df a is a differential operator of contact order 2, since it involves derivatives in the Tq 
direction. Applying this observation to each term in the above expansion of /3 shows that 
g i—)- a* (3 has contact order 2. 
(v) For s > 2n + 4, E and j3 as above, 

P H>p : V s (E) ->■ T s - l (APH*) : a i-+ ir H a*P 



is a differential operator of contact order 1. Using the expansion (2.5.10) above, we have 
the local identity 

r, A a* (3 = Yl A i,k(x, y) Vo A dx 1 A iff . 

\I\+\K\=p 
Now observe that 

n 

df a = J2 Xj(U)dx j + X n+j {f a )dx n +i + T (U) m . 
i=i 

It follows that the local expression for r/ A a* (3 only involves first derivatives of f a with 
respect to X\, . . . , A^n. Hence, <ri->i)A a* (3 has contact order 1. To see that a \- > tth&*(3 



has contact order 1, notice that by Equation (1.1.1), ith&*(3 = TJ (r/ A a* (3). Since a h-> 
TJ a is a smooth map of vector bundles, it preserves r s -spaces. Hence, the composition 
a i— > rj A <t*/3 i—T- TJ (77 A c*/3) also has contact order 1. 

2.6. Rumin's complex. In [RJ, Rumin constructed a novel resolution 

^ r _ > 71° -^> ft 1 -^ • • • -^ ft™ ^ ft n+1 -^> ft"+ 2 -^ • • • d A n 2n+1 — > 

of the constants on a contact manifold. In this section, we give a brief sketch Rumin's construction. 
For n < p < 2n + 1, RP denotes the subbundle of A P M given by 

RP ■= {(3 g A P M : r] A (3 = and dr/ A (3 = 0} 
and for < p < n, R p denotes the quotient bundle R p = A P (M)/I P , where 7° = and 

P := {77 A a + drj A [3 : a£ A^M, (3 G A P ~ 2 M} for < p < n. 
Also note that for < p < n, R p can be written as a quotient bundle of A P H*: 
(2.6.1) r : A P H* -> R p = A p H*/{dr] A A p - 2 H*) . 

Let W = C°°(R p ). Then K° = Q°(M), and since we make the identification H* = R 1 with the 
annihilator of T, 

K 1 ={ae fi^M) : TJ a = 0} . 

The linear differential operators dn and Dr are induced by the exterior derivative operator on 
forms. Let (3 G 7ZP be any section of RP There are three cases to consider: 

(i) For p > n, set dfj/3 = d(3. It is easy to see that df3 is a section of RP +1 . 
(ii) For p < n, set dnf3 = irji(d(3), where j3 G QP(M) is any p-form with 7Tr/3 = j3 and 7Tr : 
A P M — )■ i? p denotes the quotient map. It is not difficult to check that dn(3 is independent 
of the choice of (3. 
(iii) For p = n, set Dn{[3) = d(3, where f3 G f2 n (M) is an n-form satisfying the conditions 
ftR-P = (3 and d(3 G 1Z n+l . Rumin shows that a form (3 satisfying these conditions exists 
and that dj3 is independent of the choice of (3. 
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Rumin also shows that d R and D R are linear differential operators, with d R of contact order 1 and 
D R of contact order 2. Using the star operator, Rumin proves that lZ k is dual to ']^ 2n + 1 — k anc l that 
the adjoint operators satisfy the identities 

5 R = (-l) k * d R * for k / (n + 1) and D* R = (-1)" +1 *D R * . 

Thus 5 R has contact order 1 and D R has contact order 2. The next proposition then follows from 



Proposition 2.5.7 above 



Proposition 2.6.2 (Rumin). Let (M 2n+1 ,ry) be a compact contact manifold with adapted metric 
g and the associated complex (lZ*,d R ). Then the following estimates hold 

\ \\dRa\\ s -i < c s \\a\\ s , fork^n J ||<5 K a|| s _i < c s \\a\\ s , fork^n + 1 

< ana < 

^||Dija|| s _2 < c s ||a|| s , fork = n; [\\D R a\\ s -2 < c s \\a\\ s , for k = n + 1. 

Rumin [RJ establishes a Hodge theory for this complex. The Laplace operators A R : lZ k — > lZ k 
are defined as follows 



' (n - k)d R 5 R + {n-k + l)5 R d R , for < k < (n - 1), 



(2.6.3) 



1R 



n, 



{d R S R ) 2 + D R D R , for A: 

DrD* r + {5 R d R f , for k = n + 1, 

k (n - k + l)d R 5 R + (n - k)5 R d R , for (n + 2) < k < (2n + 1) 



Theorem 2.6.4 (Rumin). Let M be a contact manifold with adapted metric g. The Laplace 
operators A R are maximal hypoelliptic, and the following estimates are satisfied for a S lZ k : 

f IMU+2 < c s \\A R a\\ s + ||o!||o for k ^n,(n + 1), 
\||a|U+4 < c s ||A fi a|| s + ||a|| for k = n,(n + 1). 

Remark 2.6.5. Rumin only establishes the estimates stated above for the case s = (see [Rj 
page 290]). However, standard regularity theory yields the estimate for general s > 0. For a self 
contained proof, one may refer to [BD2J. 

In the following corollary, parts (i) and (ii) were explicitly stated in [Rj ; the commutation relations 
follow from the definitions; the other parts follow from the hypoelliptic estimates by standard 
arguments. 

Corollary 2.6.6 (Rumin). Let (M 2n+1 ,rr) be a compact contact manifold with adapted metric g 
and the associated complex (lZ*,d R ); let A R be the associated Laplacian. 

(i) The cohomology of the complex is finite dimensional and represented by A R -harmonic forms. 

(ii) There exist operators G R , H R : lZ k — > TZ k such that 

Id = G R A R + H R = A R G R + H R , 

inducing the orthogonal decompositions: 

1Z = ker A R © range A# = ker A R (range d R @ range 5 R ) . 

In particular, each a £ T& has a Hodge decomposition 

{H R {a) (n - k)G R d R S R (a) (n - k + l)G R 5 R d R (a) for k < n 
° | H R (a) G R {d R 5 R f{a) G R D* R D R (a) for k = n. 
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(Hi) The following commutation relations are satisfied: 
For P any of the operators d R , 5 r , D r , or D* R , 

PH R = H R P = 0; 



for a 6 1Z k 



d R G R (a) 



n % , ] )G R d R (a) fork<n-2 

n — k + 1/ 

^G R (d R 5 R d R )(a) for k = n - 1 . 



and 



5 R G R (a) = ( — — ) G R 5 R (a) , for k < n - 1 . 



/• ) j? ^vk \\\GRa\\ s+2 <c s \\a\\ s fork^n,(n + l) 

(iv) For a £ W , I and \\H R (a)\\ s < c s \\a\\ s . 

[\\& R a\\s+4: < Cs\\a\\ s fork = n,(n+ 1) 

Moreover, since the space of harmonic forms is finite dimensional, \\a\\ s < c a [|a[|o for all a G 
ker A R . In particular, H R (a) is of class C°° for all a E T s (R k ). 

2.7. Characterization of contact vector fields. In this section, we present a characterization 
of the closed subspace r^ ni (TM) C V s (TM) of V s contact vector fields in terms of the Hodge 
decomposition of the Rumin complex. We use this characterization in Section [4] to give a param- 
eterization of the space of contact diffeomorphisms near the identity by contact vector fields near 
0. 

We begin by recalling a few well known facts about contact vector fields. Recall that a smooth 
vector field X is called a contact vector field if and only if jCx(tj) = mod rj (or, equivalently, 
7r^(£x( r /)) = 0). Write X in the form X = X°T + X^ where Xjj G H and T is the Reeb vector 
field, and use the identity 

C x (ri) = XJ dn + d(XJ 7]) = X H J dr] + dX° 

to conclude that X is a contact vector field if and only if it satisfies the standard identity 

-X H J dn + T{X°)r] = dX° . 

Recalling that R 1 = H* and d R f = njj(df), for / £ C°°(M) = 7£°, we can express this charac- 
terization in terms of the Rumin complex as follows: X is a contact vector field if and only if it 
satisfies the identity 

(2.7.1) d R X° = -X H J dn. 
Next observe that dn defines a vector bundle map 

( ) b : TM -»• H* : X H- X b = XJ drj 

whose restriction to H C TM is an isomorphism between the contact distribution and its dual 
space, and let 

( ) tt : H* -)■ H : ^h>^ 

denote its inverse. The map 

C°°(M,M) -> Cf ont : g ^X g = gT- {d R gf 

is an isomorphism between the space of smooth functions on M and the space of smooth contact 
vector fields. This map then extends to an isomorphism between the weighted spaces: 

(2.7.2) T S+1 {M) -)■ T s cont {TM) : g m- X g = gT - {d R gf . 
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The only new result here is the gain of one derivative in the Folland-Stein spaces, which follows 
easily from the two inclusions g £T S and d R g £ V s . 

We can now express the condition for X to be a contact vector field in terms of the harmonic 
decomposition. Notice, in particular, the additional regularity in X , the Reeb component of X. 
(The restriction s > 2n + 4 below ensures that X is of class C 1 .) 

Lemma 2.7.3. A vector field X £ T S {TM), s > 2n + 4, is contact if and only if it satisfies each 
of the following three conditions 

(a) X° = H R (X°) - (n + 1) G R 5 R (XJ dn) 

(b) H R (XJ dr,) = 

jd R (XJ drj) = forn>\ 
[D R (XJ dr,) = forn = l. 

Moreover, if X £ V s (TM) is a contact vector field, then X° G T S+1 (M). 



(c) 



Proof. Suppose that X £ T S (TM). Applying the Hodge decomposition to Equation (2.7.1) shows 
that X is a contact vector field if and only if it satisfies each of the three conditions 



H R (d R X° + XJ dr,) = 0, 5 R (d R X° + XJ drj) = 0, and 



fd R (d R X° + XJ dr,) = ifn>l 
Jd^rA^ + XJ dr,) = ifn = l 



The middle equation is equivalent to 
G R 5 R (d R X° + XJ dr,) 



(n + 1 



■(G R A /? X°) + G^ R (XJ d V ) = 0. 



from which the conditions ( 2.7.3 ) follow. Finally, suppose that X E V s (TM) is a contact vector 
field. By (la| and Corollary 2.6.6, the function X° is an element of T S+1 (M). □ 



3. The topological group of contact diffeomorphisms 

Let V s (M) C T S (M, M), s > 2n + 4 denote the subspace of r s -diffeomorphisms of M. It is well 
known that the space of C 1 -diffeomorphisms is an open subset of the space (^(M, M) of C 1 -maps. 
Moreover, since s > 2n + 4, there is a continuous inclusion V s (M, M) C C l (M, M). It follows that 
D S (M) is an open subset of V s (M, M). It is, therefore, a smooth infinite dimensional manifold; but 



it is not a group because T> S (M) is not closed under composition (see Remark 2.1.1). 



Let 2?^ n4 (M) C V s (M) denote the subspace of C°° contact diffeomorphisms. By definition, the 

VZJM)CV S (M). 



space of V s contact diffeomorphisms of M is the closed subspace V s cont (M) :- 
We show in this section that T> s cont (M) is closed under composition and inversion, and that both 
operations are continuous. Consequently, V s cont (M) is a topological group for s > 2n + 4. In 
SectionEl we prove that T> s cont (M) is a smooth Hilbert manifold (see Theorem 4.4.1). Our approach 
in this section and in the following section parallels the treatment of the full diffeomorphism group 
given by Ebin jE]. 



3.1. Continuity of composition. To prove that composition is continuous, it is sufficient to 
work lo cally Consider open domains D <s M 2n+1 and D d M 2n+1 . By the Sobolev lemma (see 
Remark 2.4.3), there is a continuous inclusion T s (D,R 2n+1 ) C C 1 (D,R 2n+1 ). Consequently, the 
topological subspace T> s ccmt (D,D) of C 1 contact diffeomorphisms / with f(D) C D is well defined. 
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Proposition 3.1.1. Let s > 2n + 4, and let f G V s cont (D,D) and g G T k (D,R m ) for k < s. 

Let D' d D be an open set. Then the restriction to D' of the composition g o f is an element of 
r A: (D / ,M m ). Moreover, the map 

f, :V^ nt (D,D) xT k (D,R m ) ^T k (D',M: m ) :(f,g)^gof 

is continuous. 

Proof. Our proof mimics the proof of Ebin (EJ Lemma 3.1] in the case of diffeomorphisms of a 
manifold. It proceeds by induction on k. 

For k = 0, we first note that \\g o /||_d',o < °° f° r an Y D' (<= D. Since / is a C 1 diffeomorphism 
on D, its Jacobian determinant J f is continuous and bounded below on D' by a positive constant; 
and (by the change of variables formula for integration) 

IIS o /||2y,o = f (go ffdVo = [ g 2 (l/Jf o f- 1 ) dV <oo. 

JD> Jf(D') 

To prove continuity at (/, g), choose e > 0. We will show that \\g' o /' — g o f\\ 2 D , < 4e for (/', </) 
sufficiently near (f,g). To see this, choose 5 > such that max i 5 / ( 1/J(/'), 1/J(/)) < e/<5 whenever 
11/' — /||d,s < <5- Also choose a smooth function g°° on the closure of D such that ||<? — g 00 )!- < 5, 
and set 

2 " +l a<7°°(x) " x 



M = max > 



dx % 



=i 
Then 

II i? / £f\\2 ^11 r OO £\\1 illOO £ OO £f \\2 

\\g°f-g °f \\d',o <\\g°f-g °/IId',o + II0 °f-g °/llr>',o 

I II OO £' £l\\2 , || £l I £l\\2 

+ \\g °f - g° f IId',o + \\g°f -g ° f \\d>,o 

< | Jj9 ~ 9°°\ 2 dV + M ■ ||/ - f'f D , Q 

€ ' ' 00|2 irr | £ / l „/|2 



+ 5j~ l9 ~ 9 ldVo + ~8j^ 9 ~ 9 ' ° 
<2 e + M-||/-/ / ||! ) ,o + Q)ll3-5 , ||| i0 - 

Now let J' = min ( 5, — ) . Then the last line is bounded by 4e provided that /' and g' satisfy the 

\\f-f'\\ 2 D ,o<S'and\\g-g'\\ 2 3fi <5'. 



M 
inequalities 



Assume that for some k > the proposition holds for all D, D' (e D, and D. We first show that 
g o / is an element of T k+1 (D'), k + 1 < s, for all g G r fc+1 (.D,IR m ). To do this, we need only show 
that Xj(g o /) is in T k (D') for 1 < j < 2n, where Xj are the horizontal vector fields defined in 
Section [TTTj Begin by observing that since / is a contact diffeomorphism, it's derivative /* respects 
the contact distribution on M 2n+1 : 



2n+l 



(3.1.2) f Ht * : H x -»■ ff /(a;) : X,-(x) ^ /,(X,-(s)) = ]T ^(x)X,(/(x)), 1 < j < 2n . 



8=1 
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where A- G V s ' 1 (D, M.) depend continuously on /. This permits us to compute as follows using the 
chain rule: 

2n 

(3.1.3) Xi{gof) = dg(U{X 3 )) = J^A) ■ X t (g) of. 

i=l 

By the induction hypothesis, Xi(g) o / G T k (D") for any open set D" such that D' (e D" (e D 



Since s — 1 > 2n + 3, we can apply Lemma 2.2.1 to the products A 1 , ■ (Xi(g) o f) conclude that 



Aj ■ (Xi(g) o /) e T k (D'), which in turn shows that Xj(g o /) G T k (D'). To complete the induction 
step, we have to prove continuity of composition. First note that if g' is near g in T k+1 (D) 
then Xi(g') is near Xi{g) in T k (D). Now choose a fixed open set D" with D' m D" <e D. By the 
inducti on hyp othesis, if /' is near / in V s (D), then Xi(g')of is near Xi(g)of in Y k (D"). But then by 



Lemma 



2.2.1 



in T k (D'). 



2n 



2n 



it follows that Xjtfof) = Y,(Ai)'-(X i (g') o /') is near X^gof) = ^ Ay(Xi(g) o /) 

D 



8=1 



1=1 



Corollary 3.1.4. Let M be a compact contact manifold of dimension 2n + l, and let N be a smooth 
manifold of dimension m. Then the composition map 

H : V s cont (M) x T k (M, N) -> T fc (M, iV) : (F, G) M- G o F 

is continuous for 2n + 4 < k < s. In case N = M m , the map is continuous for 2n + 4 < s and 
0<k<s. 

Proof. In case N = W 71 , choose s > 2n + 4 and < k < s. Continuity of \i follows easily from 
the previous proposition. We next consider the case where N is an arbitrary smooth manifold and 
the definition of T k (M, N) requires that 2n + 4<k. Fix F G V s cont (M) and G G T fc (M, N). First 
note that the restriction 2n + 4 < k < s ensures that the spaces T>^. ont {M) and V (M,N) are both 
well defined and that both F and G are of class C . Choose adapted atlases {(4> a , U a , D a )} and 
{((p a , U a , D a )} for M, and charts {^ a , V a , B a } for N, such that for all a, 

FiVQ C U a , F a (D^ C 5 a , and G(U a ) C F Q , 

where i ? a = ^oFo^ 1 g r s (t/ a , E/ q) and G Q = ^ Q o^G o ^~ x G T k (U a , R m ). Set H a = G a o F a (= 
ip a o G o F o f^ 1 ). By Proposition 3.1.1 iJ Q G r fe (f7 a ,IR m ) for all a, showing that G o F is an 
element of T k (M, N). To prove continuity of //, consider the open neighbourhoods of F, G, and 
H = GoF = n(F, G) 

0(F, e, {U a }) = {F' G V s cont {M) : F'(t4) C L> a for all a, max ||i£ - F a \\ UaiB < e} , 

a 

0(G,e,{U a }) = {G G T k (M,N) : G'(U a ) C V Q for all a,max||G' - G a \\ ri , < e} , 
0(^, e, {C/ Q }) = {H' G T fc (M, TV) : G' (TT a ) C F a for all a, max [|f£ - H a \\ Uajk < e} . 

a 

By definition of the topology of F k (M,N), every open neighbourhood of H contains a set of the 
form 0(H,e,{U a }) for sufficiently small e. Moreover, by Proposition 3.1.1 for every e > there 
exists a 6 > such that 

H' = G'oF' eO(H,e,{U a }) 

for all F' G 0(F,<5, {C/ a }) and G' G 0(G, J, {t/ Q }). Therefore, 



M Q(F, 5, {D a }) x 0(G, 5, {D a }) C 0(G o F, e, {[/«}) . 
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This completes the proof of continuity of u. □ 

3.2. Continuity of inversion. The proof of continuity of inversion relies on the next lemma. 

Lemma 3.2.1. Let f G T>l ont {D,D), s > In + 4 be a contact diffeomorphism, with f(D) (S D, 
and let D' m f(D). Then f- 1 G V s cont (M){D' , D). Moreover, the map i : f ■->• f' 1 , f G {/' G 
V s cont (D,D), : jy C f(D)}, is continuous at f = f. 

Proof. Since s > 2re + 4, / is a C 1 contact diffeomorphism on every compact subset of D. Hence, 
/ _1 is a C 1 contact diffeomorphism on every open, compactly contained, subset of f(D). Let 
A : D — )■ GL(2n) be the matrix valued function defined by .A*-, where A 1 - G r s_1 (D) are defined as 



in the proof of Proposition 3.1.1 Because the process of inverting A only involves multiplic ation, 
add ition, and division of functions in r s_1 , and because s — 1 > 2n + 3, we can invoke Lemmas 
and|2.2.2|to conclude that A' 1 G V S - 1 (D', GL(2n)) for all D' (s D. 



2.2.1 



Next observe that Equation (3.1.3) with g replaced by g o / 1 assumes the form 

2d 



X j (g) = Y,A}-X t (gof- 1 )of. 



8=1 



Multiplying by B = A 1 and composing with / 1 then yields the formula 

(3.2.2) x k ( g o r l ) = Y,( B l ■ X M) ° r 1 - 

3 

To show that f~ l G r s (5', M 2n+1 ) for every open set D' m f(D),it suffices to show that X I (f~ 1 ) G 
T s ~ k (D') for every multi-index I with |7| = k (see Section 1.1). Following the argument on [El 
page 17], we proceed by induction on k to show that for all I with \I\ = k 

(3.2.3) X^r 1 ) = 91 o Z" 1 with 9/ G p- fc . 

To see that (3.2.3) holds for k = 1, let g 



idi 



in (3.2.2) to get 



Mr 1 )= \J2( B i ■ x 3< id * 



f 



-i 



9i°f 



-i 



and recall that BgP x to conclude that g, £P x . Now assume that (3.2.3) holds for s > k > 



and let I = (i, J), for J a multi-index with \J\ = k. Then applying (3.2.2) gives 
C1.2. I ! X,(r ! ) -V,(. 7 . y ' /-' ) ( ^(Bf • X^j)) ) o /- 1 := 5/ o f' 1 . 



2.2.1 



to conclude that 



Since Bj G T s , s — 1 > 2n + 3 and Xj(gj) G T s , we can invoke Lemma 

X/(/ _1 ) is of the form gj o / , for 5/ G r s_ . This completes the induction step. We now know 
that X^f- 1 ) = g T o f~ x with gi G T s - k C T , for all I with |/| < s. But since f' 1 is of class C 1 , 
the composition Xj(f~ 1 ) = gj o / _1 is also in T for all / with |/| < s. Hence, / _1 is in r s (D', D) 
for all 5' <E f(D). 

To prove continuity of the map 1 : /' 1— >■ /' , we first show by finite induction that the map 

/'^-X/CTV/'er ^',!}) 

depends continuously on /' G T) s con t for all I with |/| < s. Let fe = 1, and note that by definition 
of A (see Equation (3.1.2)), the assignment f *-¥ A' \-¥ B' = A' G r s_1 depends continuously on 
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/' G T^cont- Hence, g\ G r s_1 depends continuously on /' G T) s cont . Now assume that /' (->• g'j G r s_fe 
depends continuously on /' for all J, |J| = fc. Set I = (i,J). Then Xi(g'j) 6 r s_fc_1 depends 



continuously on /'. Hence by (3.2.4), g^ G T s fc x depends continuously on /', completing the 
induction step. 

Thus, for any multi-index / with \I\ < s, 

^ 11 / <;/ — 1 _(•/ — 111 ,|| /?/— 1 I— 1|| 

<ll0/°/ -91° J \\D',o + \\9i°f ~9i° J \\d',o- 
Because the map /' i— > f'~ is continuous in the C^-topology, by making making \\f — f\\^ f 

sufficiently small, we ensure that ||X/(/' _ — / — )||g/ is arbitrarily small for all / with \I\ < s. 
This concludes the proof of continuity of i. □ 

Theorem 3.2.5. Let s > 2n + 4. Then T) s ccmt {M) is a topological group with group multiplication 

is : V s cont (M) x V s cont {M) -> V s cont {M) : (F, G) H- G o F 

and group inverse 

l: V s cont (M) -+ V s cont (M) : F^F- 1 . 



Proof. Continuity of \i is contained in Corollary 3.1.4 Continuity of i follows from Lemma 3.2.1 



by an argument similar to the one used in the proof of Corollary 3.1.4 In brief, for fixed F 



choose adapted atlases {((f> a , U a , D a )}, and {(4>' a , U' a , D' a )} such that D' a C F a (D a ) for all a. Then 



by Lemma 3.2.1, for all e > there there is a 5 > such that for all G G 0(F,S) we have 
G- 1 G 0{F^e). □ 

4. The smooth manifold of contact diffeomorphisms 

In this section, we obtain a local coordinate chart for the set of contact diffeomorphisms in a 
neighbourhood of the identity. As a corollary, we show that for s > 2n + 4, the topological manifold 
T> s cont (M) is a smooth submanifold of the smooth manifold D S (M) of V s diffeomorphisms of M. 

4.1. The smooth manifold of contact diffeomorphisms. We begin by constructing a smooth 
atlas for T> S (M). Our construction is based on the following well known parameterization of smooth 
diffeomorphisms near the identity diffeomorphism by smooth vector fields. Fix a C°° metric adapted 
to the contact structure (see Section |l.l[ ), and let exp : TM — > M denote its exponential map. 
Recall that exp is the C°° map defined by the formula 

exp(X) := 7a;,x(l) 

where j x ,x '■ K — > M is the unique geodesic curve with j x ,x(fy = %, 7'(0) = X G T X M. Also recall 
that for \X\ sufficiently small, \X\ is equal to the Riemannian distance between x and exp(X). 
Next consider the map \ from the space of G 1 -vector fields to the space of C 1 -maps 

X - C 1 (TM) ->■ C 1 (M, M) : X ^ F x , 

where Fx is the C 1 map defined by composition 

(4.1.1) F x : M -^ TM ?% M . 

By compactness of M, there is a number r > such that any two points at distance less then r 
apart are joined by a unique length minimizing geodesic. Let B r M C TM denote the bundle over 
M of tangent vectors of length less than r. It is a well known theorem in Riemannian geometry 
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that x restricts to a diffeomorphism between the space C (B r M) of C 1 -vector fields of length less 
than r and the open set 

{F G C 1 (M, M) : distM (x, F(x)) < r for all x G M} , 
where distftf denotes Riemannian distance. 

Proposition 4.1.2. For s > 2n + 4, i/ie map x restricts to a smooth map 

X s : T S (TM) -> T S (M, M) :I4F X = exp ol 

on £/ie space of T s -vector fields. Moreover, there is an open neighbourhood U C T 2n+4 (TM) of the 
zero section, such that for all s > 2n + 4 ; x s restricts to a diffeomorphism 

X s :U S =UC\ V s {TM) -> £> S (M) 

between U s and a neighbourhood of the identity idM G T> S {M). 

Proof. First observe that a map F : M — )• M can be viewed as a section of the trivial fibre bundle 
ttm '■ M x M — )• M : (x, y) t— > x and that exp defines a smooth map of fibre bundles 

Sxp : TM -»■ M X M : X ^ (vr(X), exp(X)) 

where 7r : TM — >• M is projection onto the base point. Smoothness of x s then follows from 



Proposition 2.3.5. Let U r M = {(x,y) G M x M : dist M (a;,y) < r}. Then exp : B r M -)■ t/ r M is a 



smooth fibre bundle isomorphism. By Proposition |2.4.2[ the restriction of x to r s -spaces 

X s : T s (B r M) -»• r s (C/ r M) 

is therefore a diffeomorphism. To complete the proof, let W denote the preimage of the open set 

T 2n+4 (U r M) n V 2n+A {M) under x 2n+4 - □ 

Remark 4.1.3. We can use x s to construct a smooth atlas for smooth manifold D S (M). Let G 
be a smooth diffeomorphism of M. By Corollary |3.1.4 that composition on the left with G gives 



a smooth diffeomorphism of T> s (M) . Consequently, the map 

X S G := L G o x s : U s -> P S (M) : X ^ G o F x 

is a local diffeomorphism. Since the set of C°° diffeomorphisms of M is dense in P S (M), letting G 
range over all diffeomorphisms gives a smooth atlas. Since composition of smooth maps is smooth, 
smoothness of the transition functions is automatic. 

Remark 4.1.4. We recall the standard construction of the tangent bundle itt>(M) '■ TD S (M) — > 
V s (M) (see |Ham] IFal] for background). To get a tangent vector to V s (M) at F G V s (M), let 
t i— > Ft be a smooth curve in V s (M) passing through Fq. Then Ft is a smooth family of C 1 
diffeomorphisms, so we can differentiate pointwise with respect to t to obtain the vector field 



X : M -)■ TM : x t-> F (x) G TM Fo{x) 

Conversely, given a vector field 



over Fq, where we have used the notation Fq(x) := — ^p- 



i=0 

X G T S (M, TM) with it o X = Fq, observe that for small t the composition 

F t :M^TM^M 
is a smooth family in P S (M) and that X = Fq. An easy way to obtain the manifold structure on 



the total space TT> S (M) is to note that by Corollary 2.4.5, composition with the projection map 
vr : TM ->■ M induces a smooth map L% : T S (M, TM) -+ T S (M, M). Let TV S (M) be the preimage 
of V S {M) under L^ and let ir v(M) = L%. 
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4.2. Characterization of contact diffeomorphisms. Recall that a diffeomorphism F is a con- 
tact diffeomorphism if and only if the pullback F*n is a multiple of r\. Since this condition is 
equivalent to the equation tth(F*t]) = 0, where tth '■ T*M — > H* is the quotient map, the space of 
r s -contact diffeomorphisms near the identity is parameterized by the subspace 



(4.2.1) 



V s = {X £U S : ir H (Fxi) = 0} C V s {TM) 



It is convenient to view the equation TXH{F x rf) = in terms of the Rumin complex. Notice that 
R l = H*, hence Fx S U s is a contact diffeomorphism if and only if it satisfies the equation 

7r R (F x r,) = Q. 

This suggests studying the non-linear differential operator 

X H+ TT R (F xV ) 

in more detail. Our goal is to show that 

(4.2.2) *r(FxV) = *r£xV + vtr o Q V (X) , 

where Cx denotes Lie differentiation with respect to the vector field X and Q„(X) is a smooth 
differential operator that vanishes to second order as X — > 0. Part (ii) of the next proposition 
shows that X h-> TT R (F x rj) is a smooth differential operator of contact over 1; that it has the form 
of Equation (4.2.2) is a corollary to Lemma 4.2.7 



Proposition 4.2.3. The following maps are smooth (non-linear) differential operators for all s > 

2n + 4: 

(i) T S (TM) -> T S ~ 2 (T*M) : X t-> F x 7], 
(ii) T S (TM) -> T 5 - 1 ^ 1 ) : X ^ tt r F xV , 
(iii) T S (TM) -> T S -\R 2 ) : X ^ d R (ir R F x r,) = n R {dF x r]) = n R F x (dr,), for n > 1. 



Proof. View F x : M — > M as a section of the trivial bundle M x M 



Example 2.5.9 parts (iv) and (v) apply to yield (i) and (ii). To prove (iii), apply Example 2.5.9 



M. Since s > 2n + 4, 



to the smooth 2-form dn to conclude that the map 

X ^ 7T H (F x d V ) 

is a smooth differential operator of contact order 1. Next observe that tt r 



t o tth, where r is the 



quotient map given by (2.6.1). Finally, since d R (3 = n R (d/3), the composition 

X ^ 7T H (F x (d V )) ^ T(7T H (F x d V )) = 7r R F x (d V ) = 7T R d(F xV ) 

is also a smooth differential operator of contact order 1 . 



□ 



To show that -kh{F x vi) has the form of Equation (4.2.2), we work locally, choosing an adapted 
atlas <p a : U a —> M 2n+1 for M and a collection of open sets W a d U a covering M as in Section |l.l[ 
By compactness of M, there is a constant c > such that exp(x,X) £ U a for all x £ W a , all 
X £ TM X , with \X\ < c, and all a. 

Let X be a C 1 vector field with \X\ < c. Fix a chart, say cf) a , and set U = U a and W = W a . 
To simplify notation, we adopt the Einstein summation conventions, letting Roman indices range 
from 1 to 2n + 1. Then there exist smooth functions BfJx,X) (locally defined) on TM such that 



(4.2.4) 



exp k (x,X) 



x k + X k + B^(x,X)X l X j . 
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This follows simply from the second order Taylor's formula with integral remainder for the expo- 
nential map. Indeed, for fixed X G T X M, let "f(t) = exp(x, tX) be a geodesic. Then 

(4.2.5) 7 fc (l) = 7 fc (0) + 7 fc (0) - [\l - t)T^(t))f(t)f(t)dt , 

Jo 

where F k , are the Christoffel symbols, and we have used the geodesic equation 7 + Y k , A j iA j^ = 0. 
Let y = exp(x,X). Since j(t) = exp(x,tX) = y(x,tX), then 



7 t (l) = 7*(0) + 7» - / '(1 - t)T'; b (exp(x,tX))^Cl( X ,tX)^-(x,tX)X'X'dt. 



and this becomes 

k (0) + 7 fe (0) -J\l~ 0r^(exp(x, tX)) Qxi v _, „_ , ^ . 
whence 

/l Q y a Q y b 

(l-t)T k ab (exp(x,tX))^-(x,tX)^-(x,tX)dt. 

Lemma 4.2.7. Let ip be a smooth q-form on M and choose a coordinate patch U = U a , with 
W = W a (s U. Let c > be chosen so that exp(x, X) € U for all x G W and all X € T X M with 
\X\ < c. Then there are (locally defined) smooth fibre bundle maps 

Q\ 3 : BM\ W -)• MM\ W and Q% : BM\ W -)• K^ l M\ w , 

where BM = {X £ TM : \X\ < c}, such that for any C 1 vector field X : M -» BM C TM the 
equation 

F x ^ = V + Cx^ + Q\j{X) X l X j + Q%{X) A X i dX j 
is satisfied on all of W . 

Proof. Begin with the special case of a 0- form u £ C°°(M, M). Then F x u(x) = uoexp(x,X), and ap- 
plying Taylor's formula with integral remainder to the function f(t) = u(x+tX+t 2 Bij(x, tX)X i X^) 
and setting t = 1 yields the formula 

(u o exp) (x, X) = u(x) + C x u(x) + Q^ (x, X)X i X j , 

for Qij(x,X) smooth functions on BM\ W , such that Qij = Qji. Next consider the special case 
ib = dx k , and compute as follows, using what we have just proved: 

F x {dx k ) = d(exp* x x k 

= d (x k + C x (x k ) + Qij(x, X)X l X? 

= dx k + £ x dx k + d (Qij(x, X)X i X j ) 

= dx k + C x dx k + d {Qij{x, X)) X l X j + 2Qij(x, X)X l dX j 

= dx k + C x dx k + Q^X+Xi + Q?-(x, X)X i dXJ 

for Q\- = -^-dx k , Qf- = -^jX k +2Qij = Q Xi — -+Qij- Because every p-form can be expressed as 
a linear combination of products of terms as above, the general result follows easily by induction. □ 
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Remark 4.2.8. Henceforth, we will use the notation 

Q^X) := F x (^) - $ - £ x i; 
to denote the non-linear part of the pull-back F x ip. The Lemma states that in local coordinates 

Q^X) = QJjiX) X l Xi + Q%(X) A X l dXi , 
where Qj, and Q?- are smooth functions on BM\ W C TM, which depend on the smooth form ip. 

4.3. Parameterization of contact diffeomorphisms. The condition for Fx to be a contact 
diffeomorphism is the vanishing of the one-form F x r\ mod r\. Remark 4.2.8 applied to ip = r] and 



the identity ir R r] = show that Fx is a contact diffeomorphism if and only if 

krCxV + TTRQn(X) = . 
Since Q, 1 (X) vanishes to second order at X = 0, the linearization of this equation is 

-kr£xV = , 

i.e., the condition that X be a contact vector field. This suggests using the implicit function 
theorem in Banach spaces to construct a parameterization of the space of contact diffeomorphisms 
near the identity by the space contact vector fields near zero. 

We are going to construct a smooth map between Hilbert spaces of the form 

$ : V s {TM) -> T S+1 (M) x W : X ^ g x lx , 

where H s is a second Hilbert space (to be determined), such that 

(i) Fx is a contact diffeomorphism if and only if *yx = 0, 
(ii) the derivative of $ is invertible at the origin. 

By the inverse function theorem, $ is locally invertible and the map 

gives a smooth parameterization of the contact diffeomorphisms in D^. ont (M) near the identity by 
real valued functions in T S+1 (M) near zero. 

A natural guess for the map $ is 
(4.3.1) X = X°T + X H ^(X ,Tr R F x 7l), 

for, as we have already observed, Fx is contact if and only if ttrF x t] = 0, and X° parameterizes 



contact vector fields (see Section 2.7). Unfortunately, this map is not invertible. Indeed, its 
linearization at the origin involves a differential operator that loses too many derivatives. 

The trick to circumventing this difficulty is to exploit some hidden smoothness in the Hodge 
decomposition of one-forms in the Rumin complex. For smooth data, choose $ to be of the form 

\C°° (TM) -»■ C°° (M, M) ranged) ker (8 R ) C C°° (M, M) C°° ( M , R) © K 1 
' \ X ^ g x © a x © w x . 

When n > 1, the Hodge theory shows that the projection ttro £ 1Z 1 of a general one-form a £ f^ 1 
has the decomposition 

ir R a = G R {(n - 1) d R 5 R + n SrcIr} ttro + Hrttro 

= (n - 1) G R d R 5RTTRa + n G R 6 R n R da + H R ir R a. 



Applying the commutation relations of Corollary 2.6.6 iii), gives 



ir R a = (n + 1) d R G R 5 R n R a + n G R 5 R n R da + H R n R a . 
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This, together with the identity dF x n = F x dr, give the following decomposition of TV R F x r,: 
(4.3.2) tt r F xV = (n + 1) d R G R S R (n R F x r,) + nG R 5 R {v R F x dr,) + H R (n R F xV ) . 



Referring now to our natural guess (4.3.1), we reassemble it using Equation (2.7.3) (a) for X° 
and the identity (4.3.2) to define the map <I> by the formulas 



(4.3.3) 



(Jx 
a x 

LO X 



~(n + 1) G R 5 R (X H J dr,) + H R (X°) 
(n + 1) G R 5 R (ir R F* xV ) , 
nG R 5 R d R {-K R F x r]) + H R (ir R F x r,) . 



Indeed, we observe that tt r F x t, = d R ax + wx by Equation (4.3.2), and in the case where X is a 
contact vector field, then g x = Xq by Lemma 2.7.3 In the case n = 1, we have to adjust the map 
<]? to reflect the Hodge decomposition at lZ n = 1Z 1 : 

tt r F xV = G R (d R 5 R ) 2 (n R F xV ) + G r D r D r (tt r F xV ) + H R (n R F x r,) . 



Applying the commutation relation 2.6.6 iii) to the 0-form 5 R (ir R F x r]), yields the identity 



tt r F xV = 2d R G R S R (n R F x r,) + G r D r D r (tv r F xV ) + H R (n R F xV ) . 
Because n + 1 = 2, the formulas for g, a, and u) become 

'gx = -(n + 1)G R 6 R (X H J drf) + H R (X°) , 
ax = (n + l)G R 6 R (n R F x r)), 

lj x = G R D R D R (ir R F xV ) + H R (7r R F xr] ), 

and only the formula for lo x has changed. 



(4.3.4) 



Remark 4.3.5. Observe that by construction ir R F x rj = d R ax + ujx- Since d R is injective on 
range(5 R ), ax = if and only if d R ax = 0. Consequently, Fx is a contact diffeomorphism if and 
only if 7x = ax © wx = © 0. 

Remark 4.3.6. In the case n = 1, the map <I> is, roughly speaking, the same as the map defined in 
[B] : however, in that paper, the use of the complex Laplacian and complex operators necessitated 
an additional splitting into real and imaginary parts — roughly doubling the number of terms. 

Proposition 4.3.7. Let <3? be the map defined above and let 

W := r s (range(<5/0) © ^(ker^)) C T S (M) r 8 ^ 1 ) . 
Then for s > 2n + 4, the map <3? extends to a smooth map 

JT S (TM) ^T s+l (M)®n s 

| X ^gx@ix -=gx@ (axewx) 

The linearization of $ at the zero vector field is given by 
( {-(n + l)G R 5 R (X H J dn) + H R (X )} (B 

{(n + 1) G R 5 R (d R X° + X H J drf) © (nG R 5 R d R (X H J dn) + H R (X H J dr,))} , 
for n > 1 



d$(X) 



{-(n + 1) G R S R (X H J dr,) + H R (X )} 

{(n + 1) G R 5 R (d R X° + X H J dr,) © (G R D* R D R (X H J dr,) + H R (X H J dr,))} , 
for n = 1 . 
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Moreover, the linearization of <& is invertible with inverse given by 

g@{a@uj)^(g + a)T + {-d R g + ujf 

where ft is the isomorphism from horizontal one-forms to horizontal vector fields induced by the 
two- form drj. 

The proof relies on two lemmas. 

Lemma 4.3.8. Let F G V s (M, M), s > 2n + 4, be a diffeomorphism, and let j3 G O fc be a smooth 
k-form, k < n. Then the form tt r F* f3 lies in T S ^ 1 (R ). 



Proof. This is an immediate corollary to Example 2.5.9 (v) and the observation that for q < n, 
tt r = t o tth where t is the quotient map (2.6.1 ). □ 

Lemma 4.3.9. Let n = 1 and let F : M — >• M be a V s (possibly not contact) diffeomorphism, and 
let s > 6(= 2n + 4). Then D R ir R F*r] is in T S - 2 (R 2 ). 



Proof. Recall the definition of the operator D R (see Section 2.6). For any a G 1Z 1 C fi (M), 
D R a = d(a + fn), where a G J1 1 (M) is any form such that ir R (a) = a and / G VP is the unique 
function such that r] A d(a + frj) = 0. Let A be the linear isomorphism 

A : K° ->• K 3 = 3 (M) : h H- hn A d-q . 

Note that A is defined by a smooth vector bundle isomorphism; it, therefore, extends to an isomor- 
phism between the spaces T S (M) and T S (A 3 M) for all s. Consider now the case a = ir R F*r]. The 
condition defining / is 

n A (F*drj + fdrj) = . 



By Example 2.5.9 v), r\ A F*dn is in V s 1 (-R 3 ), forcing / to be in T s 1 (R°). Compute as follows 

D R {-K R F*rj) = dF* v + d(f v ) = F*dn + df A r? + fdrj . 

Since wedging with rj kills all terms in df A n involving differentiation in directions transverse to 
the contact distribution, it follows that d(frj) is in r s ~ 2 (A 2 M). Thus D R a is in T s ~ 2 , concluding 
the proof of the lemma. □ 



Remark 4.3.10. The result of Lemma 4.3.9 is somewhat surprising. Because tt r F*t] is in T s 1 
and D R is an operator of contact order 2, one would expect D R ir R F*r] only to lie in r s_3 . 



Proof of Proposition J^.3.1 . By Proposition 4.1.2, the map X s '■ X \- > Fx is smooth; and for suffi- 
ciently small X, Fx is a r s -diffeomorphism. Recall that 7r R F*r] is in r s_1 (i? 1 ). The linear operators 
d R , 6 R , D R , D* R , H R , and ir R are all bounded as maps as follows: 

d R ,S R : T s -»■ T*- 1 , H R : V s - 1 -»■ V s , and ir R : V s -> V s , 

G R : V s (R k ) -)■ T s+2 (R k ) , for k < n , 

D R , D R : V s -»• T s - 2 , G fi : T s (R k ) -»• r s+4 (i? fc ) for fc = n . 

and the individual terms have the following regularity properties: 

G R 6 R (n R F xV ) G T*, G R 6 R d R (w R FZri) G T s , H R (ir R F xV ) G C°° , 

for n > 1; and for n = 1: 

G R 8 R (irRF$ V ) G T s , G R D R D R (ir R F x d V ) G T s , H R (ir R F x v) G C°° . 

Thus, $ is smooth and maps between the spaces as indicated. 
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The only nonlinear terms in the map <£ arise from the presence of F x rj. The linearization of this 
term at the zero vector field is CxV = dX° + XjjJ dn. When we substitute this into the map $, 
we obtain easily the linearization and its inverse. □ 

Let ti C r 2n+4 (TM) be an open neighbourhood of the zero section such that Fx is a T s - 
diffeomorphism for all X G U s := U n T S (TM), s > 2re + 4. The next theorem shows that the 
subset V s C U s on which Fx is a contact diffeomorphism is a smooth submanifold which is smoothly 
parameterized by the space of r s -contact vector fields near zero. 

Theorem 4.3.11. ForlA sufficiently small, for all s >2n + 4 the set 

V S = {XGW : $(X) = (<?*, 0,0)} 

is a smooth submanifold ofU s := U n T s cont {TM), smoothly parameterized by the map 

* : T s cont (TM) r\U s ->• V s : X ^ ^'\gx © 0) . 

Moreover, the map $? is of the form 

V{X) = X + B(X)(X,X), 

where B : {T s cont (TM) r\U) x r* ont (TM) x r* on4 (TM) -)■ r s (TM) is smooi/i and bilinear in the last 
two factors. 

Proof. It suffices to prove the theorem for s = 2n + 4. That V s C IA S is a smooth submanifold 



follows from Proposition 4.3.7 and the inverse function theorem in Banach spaces. To define \E f , let 
7r denote the projection 

(4.3.12) vr(o,7) = ( 5 ,0), 



in the notation in the statement of Proposition 4.3.7 and let ^ = (<1> _1 o7ro$) | rs (TM)nu- The 
smoothness of \I/ follows from the smoothness of <£. A simple calculation shows that d^\o(X) = 
X, for all X £ T s cont {TM), which (together with the inverse function theorem) shows that ^ 
parameterizes V s . The form of the operator B is given by Taylor's formula with integral remainder 
for smooth operators on Banach spaces: 

B(X)= J (l-t)D 2 ^(tX)dt. 
Jo 

(See e.g. [Ham, Theorem 3.5.6].) □ 



Remark 4.3.13. In view of the isomorphism F S+1 (M) ~ T s cont {TM) given by (2.7.2), the map 
g i—)- ty(Xg) defines a smooth parameterization of V s by r s+1 -functions in a neighbourhood of 

oer s+1 (M,M). 

4.4. The smooth structure on the space of contact diffeomorphisms. The map ^ of Theo- 
rem 4.3.7 gives a parameterization of the subspace V s CU S . We now show that this parameteriza- 



tion in turn induces a smooth structure on the space T>^ ont {M) of all T s -contact diffeomorphisms. 

Theorem A.A.I. Let (M,rj) be a compact contact manifold. For s > 2n + 4, the space of V s contact 
diffeomorphisms is a smooth Hilbert manifold. 

Proof. We first show that the intersection of T> s cont (M) with a neighbourhood of the identity is a 
smooth submanifold of D S (M). To see this, let \ s '■ M s ~ > L) S (M) be the diffeomorphism onto a 
neighbourhood of the identity given in Proposition 4.1.2 By Theorem 4.3. 11[ we can shrink IA S if 
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necessary so that V s is a smooth submanifold oiU s . Now set Of d = x s (M s )- Since \ s '■ M s ~ ► Ofd 
is a diffeomorphism and 

v s cont (M)no s ld = x s (v s ) 

it follows that V s cont {M) n Of d is a smooth submanifold of V s (M). 

Next consider the open set O f = F(Of d ) C T> S (M), where F is an arbitrary C°° contact 
diffeomorphism. Noting that G G P S (M) is a contact diffeomorphism if and only if F _1 o G is a 
contact diffeomorphism shows that the equality 

O s F nV s cont (M) = F(V s ) 

holds. Finally recall that composition on left with F is a smooth diffeomorphism of T> S (M) (see 
Remark ( 4.1.3[ >) to conclude that O s F n V s cont (M) is a smooth submanifold of V s (M). 



It remains only to show that every element of T) s cont {M) is contained in Of* for some smooth 
contact diffeomorphism F. To see this, choose any G G V s cont (M) and let F^ be a sequence of 
smooth contact diffeomorphisms converging to G. Because composition and inversion are contin- 
uous operations, F^ o G — > idu as k — > oo. Therefore F^ o G G Of d for k sufficiently large. 
Consequently G is contained in O f = F^(0^ d ) for k sufficiently large. □ 



Remar k 4.4.2 . We can construct a smooth atlas for T> s cant {M) as follows. By Theorem 4.3.11 and 



Remark 4.3.13 there is an open neighbourhood O s+1 of G T S+1 (M, R) such that 
(4-4.3) Xctnt ■ O s+l -> P c s oni (M) : 5 ^ X s o ^ S (^ 9 ) 

is a homeomorphism onto 0| d n£>;! OTlt (M). Its inverse is a coordinate chart centered at the identity 
diffeomorphism. Composition with a smooth contact diffeomorphism G then yields the map 

X s +nt, G ■■ O s+l -> ^ oni (M) :^Go ^(g) , 
whose inverse is a coordinate chart centered at G. The argument in the last paragraph of the proof 



of Theorem 4.4.1 shows that the set of all such charts forms a smooth atlas for T>^. ont {M). 



We next address the global topology of TV s cont {M) . Because V s cont (M) is a closed submanifold 
of V s (M), there is a smooth inclusion TV s cont (M) C TV S {M). Using the fact that V s (M) is an 
open subset of T S (M, M), and letting V s (M, \TM\) denote the space of r s -maps from M into the 
total space of TM (i.e. forgetting the vector bundle structure on TM), one sees immediately that 
the tangent bundle of V s (M) is the open subset 

TV S {M) = {X£ T S (M, \TM\) : iroX£V s (M)} 

with bundle projection TD S (M) —> D S (M) : X t— > ir o X. A standard computation with Lie 
derivatives applied to a one-parameter family of contact diffeomorphisms then shows that a V s - 
vector field X : M -»• |TM| is in TV s cont (M) if and only if F = vr o X is V s cont {M) and X o F" 1 G 
r s (TM) is a contact vector field. As the next proposition shows, TV s cont (M) is a trivial vector 
bundle: 

Proposition 4.4.4. Zei X 9 denote the contact vector field associated to the generating function g. 
The map 

V s cont (M)xT s (M,R)^TV s cont (M) : ( 5 ,F)^A>F, 
is a continuous vector bundle isomorphism. 

Remark 4.4.5. Composition with a T s -contact diffeomorphism is a continuous, but not differen- 



tiable, operation. Consequently, the trivialization in Proposition 4.4.4 is not smooth. We discuss 



the smoothness of composition in Section 4.5 
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Proposition 4.4.4 is a corollary to a more general construction. Let n : E — > M be a smooth 
vector bundle over M, and let \E\ denote the total space of E, viewed as a smooth manifold, 
forgetting its vector bundle structure. Recall that T S (M, \E\) denotes the space of r s -maps from 



M into \E\. Because ir is smooth, Corollary 2.4.5 applies to show that the map 



Ll:T s (M,\E\)^T s {M,M) : G ^ tt o G . 

is smooth. Let 1^ (M, F) = {L% )~ l (V° ont (M)) C T S (M, \E\) and let 

(4-4.6) nv : T 3 Vcont (M, E) — > V s cont {M) 

be the restriction of L% to r^, (M,E). Notice that the vector bundle structure on E induces 
a vector space structure on the the fibres of 7Pp, and we call irx> '. rf, (M,E) — > V s cont (M) the 
(vector) bundle of V s -sections of E over contact diffeomorphisms. 

Lemma 4.4.7. Let n : E — >■ M be a smooth vector bundle over M . Then for s > 2n + 4, the 
map §e '■ 'Dconti-M) x T S (E) — > Tj) (M,E) : (F,a) i— >■ a o F is a continuous, vector bundle 
isomorphism between T^ (M, E) and the trivial vector bundle. 

Proof. Consider first the special case where E — >• M is the trivial bundle M x M r — > M. The 
diffeomorphism T S (M, \M x W\) ~ r s (M,M) x T S (M,W) restricts to a diffeomorphism 

Vh cont (M,M x IT) ~ D* ont (M) x r s (M,if) 

with respect to which <&m xi r assumes the form 

*Mxr : ^cont(M) x V s (M , IT) -> rf,^ (M, Ixf) : (F, a) ^{F,aoF), 

with inverse 

$Mxi- = n cont (M, M x If) -> P c s onf (M) x r s (M, IT) : (F, a) h- (F, a o F" 1 ) . 



Continuity of $mxM? f° uows from continuity of composition with F (see Corollary 3.1.4); and 
continuity of $7fxMr f° nows from continuity of inversion (see Theorem 3.2.5). 



Now consider the general case. By construction, &e is bijective, preserves basepoint, and is linear 
on each fibre. To see that &e is continuous, note that since the map E — >• M X E : e4 (7r(e), e) 
is smooth, so is the induced map 

l:T s {E) ^T s (M x F) 



defined by the formula i(o~) : x h-> (x,o"(x)). This observation, together with Corollary 2.4.5 implies 
continuity of <&e- It remains only to show that & E is continuous. Let j : E — > M x W be a smooth 
vector bundle inclusion into a trivial bundle, and let s : M x M r — > E be a smooth vector bundle 
map with s o j = ids- Continuity of <& E is proved by expressing & E as the following composition 
of continuous maps 



T s Vcont (M,E) -% T s Vco jM,Mx R r ) ~ Z£mt(M) X ^(M,^) 



^T V s cont (M) x r s (M,M'-) ^ ' V s cont (M) x r*(M,F) , 
concluding the proof of the lemma. □ 



We close this section with a formula for the derivative of Xamti which we need in Section 4.5 For 
g £ O s+1 , we denote by TE g V s cont (M) the tangent space to V s ccmt {M) at the contact diffeomorphism 
F g , and for h G r s+1 (M,M), we set 

Y M = D X s c ^ tg (h):M^TM, 
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where Y {gth) G T F V s cont {M); and we set X {gA) = Y (gA) o F' 1 G T s cont {TM). 
Lemma 4.4.8. For s > 2n + 4, the map 

O s+1 x r s+2 (M,M) -> r^(TM) : (g, fc) h> X^j 
is continuous. Moreover, for every g G O s+1 and e > 0, i/iere is a 5 > suc/i £/ia£ 

\\ X {gi,h) - X (g,h)\\s < e\\h\\ s+ l 

for all gi G O s+1 such that \\gi - g\\ s+ i < 5 and all h G T S+2 (M,R). 

Proof. Continuity of the map is clear. The estimate is the restatement of the fact that the derivative 
Dxcont g depends continuously on g. □ 

4.5. Differentiability of composition. We showed in Section [3] that composition 

ix : V s cont (M) x T k (M,R) ->■ T k (M,R) : (F,u)^uoF 

is a continuous operation for 2n + 4 < k < s, but composition is not C , as the following coun- 
terexample shows. Choose u G T k (M, R) with T(u) ^ r'(MK), where T is the Reeb vector field 
on M. Then the one-parameter family Ft of contact diffeomorphisms given by the flow of the Reeb 
vector field T is a smooth curve in V s cont {M); and differentiability of [i would imply that the limit 

lim Mfr^O-M",*!)) = T{u) 

would be an element of r (M, R). But this contradicts our choice of u. The next theorem shows 
that we can recover smoothness by strengthening the regularity assumption on u. 

Theorem 4.5.1. Let M be a compact contact manifold of dimension 2n + 1 and let N be a smooth 
manifold. Then the map 

H : V s cont {M) x T fc+2 (M, JV) -> T k {M, N) : (F,G)^GoF 

is continuously differentiable for 2n + 4 < k < s. In case N = R m , fi is continuously differ entiable 
forO<k<s,2n + A<s. 

Proof. Assume that the theorem holds in the special case where N = R m , with m arbitrary. Let 
l : N <^-> R m be a closed embedding, and let U C R m be a tubular neighbourhood of N, with 
projection map tt : U — > N. By Corollary 2.4. 5[ the maps i and it induce smooth maps 

7 : T fc (M, N) -> T fc (M, U) and n : r fc (M, U) ->• T fc (M, N) 

for all /c > 2ra + 4. Because T (M, U) is an open subset of T (M,R m ), by assumption, we know 
that 

fi : ^ ont (M) x T k+2 (M, U) -> T fc (M, £7) : (F, u) H- u o F 
is a C 1 map. It follows that the composition 

V s cont {M) x T fc+2 (M, N) % ^V s cont {M) x r fe+2 (M, C7) -A T fc (M, 17) A T fe (M, TV) 
is a C 1 map. 

It remains to prove the theorem in the case N = R m . Because T k (M, R m ) is the m-th fold 
product of r (M, R), we need only prove it for m = 1; and by Remark 4.4.2 it suffices to restrict 
to an open neighbourhood of the identity in T> s cont (M). Now for O s+1 C T s+l (M) a sufficiently 
small neighbourhood of 0, the map 



X s c tnt--O s+1 ^V s cont (M) : g^F, 



9 
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is a smooth parameterization of a neighbourhood of the identity contact diffeomorphism. (Here 
and in the following we set F g = Fq,r x )> where X g denotes the contact vector field with generating 
function g.) With this notation, the proof reduces to proving that the map 

H-.T k+2 (M,R) x O s+1 — >T k (M,R) : (u,g)^uoF g 

is C . The next proposition completes the proof. □ 

Proposition 4.5.2. For s > 2n + 4 and s > k > and for O s+1 C T S+1 (M, M.) a sufficiently small 
neighbourhood ofO, the map 

H : T fc+2 (M, R) x O s+1 — >• T k (M , R) : (u,g)^uoF g . 

is C 1 with derivative at (u, g) given by the formula 

D V(u, 9 ) :{v,h)^voF g + (X {gih) J du) o F g , 

for (v,h) G r fc+2 (M,M) x T S+1 (M,R). 

Proof. Because /i is a map between Banach spaces, to show that it is C , we need only show that 
the two partial derivatives of jjl with respect to the first and second variables 



B x \x : T k+2 (M,R) x O s+l -)- L [T k+2 (M,R),T k (M,l 
D 2 fi : T k+2 (M,R) x O s+1 -+ L (r s+1 (Af,]R),r fc (M,]R)) 



exist and are continuous 
then follows immediate 



We shall obtain formulas for F)\\i and D2fJ,. The formula for Dfi^ ug ^ (v, h) 
y from the well-known identity 

D ^{u, g ){v, h) = DiiX( u ,g)(y) + D 2 LHu, g ){h) . 

To see that D\\x exists, notice that by Corollary 3.1.4[ [i is continuous. The map \x is linear 
in the first variable and, therefore, differentiable with respect to the first variable, with derivative 
given by Difi( u ^(v) = v o F g . Continuity of D\\i is proved in Lemma 4.5.4 below. 

We next claim that 

D 2V( u ,g)(h) = ( x ( g ,h)^ du ) ° F g ■ 
To prove the claim, first notice that because s > In + 4, the functions g, h, u, as well as the map 
F g are of class at least C 1 . Moreover, because Xcont 1S smooth, the family t h-> F g+t h of contact 
diffeomorphisms is a smooth family. Consequently, we can compute pointwise at x G M, employing 
the chain rule as follows: 

(4.5.3) D 2 ^ g) (h)( X ) = lim < F 9 + t h {x))-u{F g { X )) = du{F g + th {x)) 

= du [Dx s c tnt,g( h )( x )) = Y (g,h)(x)J du Fg{x) = (X {gA) J du) o F g (x) . 
To prove that \x is differentiable with respect to the second variable we need to verify the formula 

\\uoF g+h -uoF g -(Xr gh )J du)oF g \\ k 
lim — — = U 

h^o \\h\\ s +i 



4=0 



and we need to prove continuity of D2IJ- We do this in Lemma 4.5.10. □ 



We use the notation L('Hi,'H2) to denote the Banach space of bounded linear maps between Hilbert spaces Hi 
and H2 ■ 
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Lemma 4.5.4. D 1 fi : T k+2 (M,R) xO s+1 -*• L (r k+2 (M,R), r k (M,R)) is continuous for s > 2n+ 4 
and all k > 0. 

Proof. By definition of continuity, we must show that for any go G O s+1 and any e > 0, there is a 
5 > such that the condition 

\\voF g -vo F go \\ k < e|H| fc+2 

is satisfied for all v G T k (M, R) and all g G O s+1 with ||g — <?o||s+i < 8. We need only prove the 
estimate for v a smooth test function. 

Set h = g — go- Because the map g i— >• F g is smooth, and v is smooth, for fixed m G M, the 
function 7^ : t h-> u(F ff0 _|_tft(a;)) is a C 1 function of i. Consequently, we can compute as follows using 
the chain rule: 

v o F g (x) -vo F go (x) = / j t v{F go+th {x)) alt = {X (go+thjh) J alv) o F go+th {x) alt . 

Viewing t t-t (X^ go+th ^J alv) o F go+t h as a continuous curve in the Hilbert space T h (M, K) yields 
the inequality 

\\v o F g (x) - v o F go {x)\\ k < / \\(X {go+thjh) J alv)oF go+t h\\ k alt. 

J u 
Hence, to prove the lemma it suffices to show that, for 5 > sufficiently small, the estimate 

(4.5.5) \\{X g>h J alv) o F g \\ k < e\\v\\ k+2 



holds for all g G O s+1 and h G T S+1 (M,R) with \\g - g \\ s+l < 5 and \\h\\ s+1 < S. To obtain flOl) ) 
first observe that since interior evaluation 

r s (TAf) x T k (T*M) -»■ r fc (M,IR) : (X,/3) 1-+ XJ /3 



is a smooth bilinear map (see Proposition 2.4.2), the estimate 
(4.5.6) ||XJ P\\ k ■< \\X\\ s \\P\\ k 



holds. Note also that by continuity of composition (see Corollary 3.1.4) and linearity in v, 

(4.5.7) \\ vo F goh ■< \\v\\k 

for all v. Continuity also shows that we can choose 5 > small so that 

\\vo F g - voF go \\ k < 1 

holds provided \\v\\ k < 5 and \\g — polls+i < S. By linearity in v, setting C2 = 1/5, we get the 
estimate 

(4.5.8) \\v o F g - v o F go \\ k < C 2 \\v\\ k , 

provided \\g — go\\s+i < 5. Finally note that because xttnt * s smooth, its derivative Dx s c tnt ^ s 
continuous in the operator norm. We can therefore choose 5 > so small that 

(4-5.9) \\X ig>h) -X (g0jh) \\ s <e\\h\\ s+1 

for all h, provided \\g — <?o IU+1 < $• Choosing 5 > so that all of the above estimates hold and 
choosing g so that \\g — go\\ s +i < 5, we can then estimate as follows: 

\\( x (g,h)^ dv) F g \\ k < \\(X {gfi) J alv) o F go \\ k + [|(X (fl)h )J alv) o F g - (X {gA) J alv) o F go \\ k 

-< ||(X ( g )fe )J dv) o F go \\ k + \\X( g}h )J dv\\ k -<: \\X( g)h )J dv\\ k + \\X {gA) J dv\\ k 

-< \\X( g ,h)^ dv\\ k -< \\X(g th )\\ a ■ \\v\\ k+2 -< (\\(X {g0th) J dv)\\ s + e||/i|| a+ i) • ||v||fc+2 

-< \\h\\ s +i ■ \\v\\k+2 
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The estimate (4.5.5) follows by decreasing 5, if necessary, and requiring 



.i<(5. 



□ 



Lemma 4.5.10. For 2n + 4 < s, k < s, and O s+1 as in Lemma 4-5-4: the derivative D2H '■ 
T k+2 (M,R) x O s+l -> L (r s+1 (Af,IR),r fc (M,]R)) exists, is continuous, and given by the formula 

D 2lt(u, g )(h) = Y( g ,h)^ (du o Fg) , 

forge O s+1 , u£T k (M,R), and h £ T S+1 (M,R). 

Proof. To prove that D2M exists, choose (u, go) G T k+2 (M, M.) x O s+l . We need to show that 

, K „> ,. \\ uoF ao+h-uoF go -(X { h) J du)oF go \\ k 

(4.5.11) lim —- ^ - = . 

h^o \\h\\s+i 



Choose e > 0. We need to find 5 > such that 

(4.5.12) \\uoF go+h -uoF go -(X {goA) J du)oF go \\ k < e\\h\\ s +i for 

To this end, compute as follows for g G O s+1 near go, setting h = g — go'- 

^ ( d(u o F go+th ) 



5+1 



<<5. 



\uo F, 



go+h 



u ° F 9o ~ ( X (g ,h)^ du) o F g \\ k 



dt 



( X (g ,h)^ du) o F t 



.'/I I 



dt 



< 



d(u o F go+th 
dt 



( X (go,h) J du) o F 



.'/o 



dt 



I ( x ( 9o +th,h) J du) o F go+th - (X (g(hh) J du) o F< 



SO ||fc 



dt 



Consequently, to prove ( J4.5.12 ), it suffices to find 5 > so that the inequality 
(4.5.13) 



\( x (g,h)^ du) oF g - (X {go>h) J du) o F< 



90 life 



< e\\h\ 



8+1 



holds for all \\g — <?o||s+i < S. But by Proposition 4.5.2, we can choose 5 > so that 

\\v o F g — v o i^ ||fc < e\\v \\ k +2 for all v G r (M, R); and with this choice of <5, we can estimate as 

follows: 



( x (g,h)^ du) oF g - (X {g0)h) A du) o F, 



90 life 



< IK^fcjJ du) oF r (X gA J d«) o F go || + ||(^( 9 A)J d«) o F 50 - (X (s0jh) J du) F ( 



90 life 



"< e||^( s ,ft)J du||fe + II (^(g,fo) - X (go,h)) J ^u||fe 
-< 4 X (g,h)^ du\\ k + \\ X (g,h) ~ X (g ,h)\\s ' \\du\\ k . 



Finally, using smoothness of X^nt as we did in Equation (4.5.9) above we can bound the last term 
as follows, for 5 sufficiently small: 



■< e\\X( gA) J du\\ k + (e||/i|| s+ i)||du||fe -< e||/t|| s+ i . 
This concludes the proof of ( J4.5.12 ). Continuity of Z?2^ follows from the following estimate: 
\\D2U (g ,u)(h) - D 2 ^ g0jUo )(h)\\ k = ||(X (fljft) J du) oF g - (X {gthh) J du ) o F go \\ k 

-< \\( x (g,h)^ du) oF g - (X {g(hh) J du) o F go \\ k + \\(X ig0:h) J du) F go - (X {go>h) J du ) F go \\ k 

-< e||(iu||fe||/i|| s+ i + C\\d(u - u )\\\\h\\ s+1 -< e\\h\\ s+1 , 

which holds for all (g,u) with \\g — <7o||s+l < ^ ll n ~~ ^olU+i < S. □ 
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4.6. Some a priori estimates. Theorems 4.3.11 and 4.4.1 state that the nonlinear space of T 



contact diffeomorphisms is a Hilbert manifold modelled on the linear space of V s contact vector 
fields. In typical applications, one would like to study the action of the space of contact diffeo- 
morphisms on some set of structures by comparing it with the linearized action of contact vector 
fields. For this strategy to work, it is necessary to show that the error incurred in the linearization 
is quadratically small in an appropriate sense. This is the content of the next proposition, which 
gives a priori estimates for the quadratic error ^(X) — X = B(X)(X, X). We require this result in 
T3D3] to obtain normal forms for CR structures on compact three dimensional contact manifolds. 

Proposition 4.6.1. For X G T s cont (TM)C\U s , 

(i) \\^{X)-X\\ S <\\X\\ S \\X\\^ X . 

Moreover, for all X 1: X 2 € Y s cont {TM) nU s , 

(ii) \\(^(x 2 ) - x 2 ) - (*(xo - xi)\\ 8 < \\x 2 - jsr 1 || s _ 1 ([|jr 2 || s + \\x x \\ s ) 

+ ||X 2 -X 1 || S (||X 2 || S _ 1 + ||X 1 || S _ 1 ). 



Our proof relies on the next two lemmas. The first is a corollary to Lemma 4.2.7 and compactness 



of M. (See Remark 4.2.8 for the definition of Q.) 

Lemma 4.6.2. For c > sufficiently small, the following estimates hold for ip a fixed smooth q 
form. For all X £ T s +^ t (TM), s > 2ra + 4, such that \X\ < c: 

« im^n* -< wh + \\£xip\\s + phi, ii^iu+2 , 

(ii) W(Fx^) A v\\s ~< H A r)\\, + \\C X ^ A r/|| s + ||X|| S ||X|| s+ i , 

and, for q < n, 

(iii) hR(Fx1>)\\s ~< IKfl^ll. + h R {C x ^)\\s + \\X\\ S \\X\\ S+1 . 

Moreover, for q < n, 

Iki? (Qip(Xi) - Qip(x 2 )) || s -< \\Xi - x 2 \\ s (\\Xi\\ s+ i + \\x 2 \\ s+ i) 

+ \\Xi-X 2 \\ s+1 (\\X 1 \\ s + \\X 2 \\ s ), 
holds for any two vector fields Xi, i = 1, 2 such that \Xi\ < c. 



Proof. Choose an adapted atlas and a constant c > as in the discussion above Lemma 4.2.7| The 



inequalities (m) and (ln| follow from the definition of Q^. To prove (iii), note that by Lemma 4.2.7 



KR o Q,p is a smooth differential operator of contact order 1; the inequality then follows. The 
inequality (JTvl) follows from the smooth dependence of Q^(X) on X. □ 



Lemma 4.6.3. Choose c > as in the previous lemma. The following estimates are satisfied for 
any r s+2 vector fields X, Xi, i = 1,2 with \X\ < c, \Xi\ < c, s > 2n + 4. If n = 1 then 

\\D R Tr R {F x r, -r,- C x r,)\\ s ^ 2 = \\D R 7r R (Q v (X))\\ s ^ 2 -< \\X\\ S \\X\\ S ^ 

and 

Pfl7T fl (Q„(Xi) - Q„(X 2 ))|| S _ 2 -< (\\X4s + ||X 2 || S ) • \\X! - X 2 \\ 8 -i 

+ (||Xi|| s _i + ||X 2 || s _i)-||Xi-X 2 || s . 
If n > 1 then 

\\d R n R {F xV -n- Cxv)\U-i = ||dfl7r fl (Q„pO)|| 8 _i -< \\X\\ S \\X\l,-.! 
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and 

\\dRTT R (Q«(Xl) - Q V (X 2 ))\\s-l,loc ~< (\\X4s + \\X 2 \\ S ) ■ \\X! - X 2 ||,-1 

+ (||Xi|| s _i + ||X 2 || s _i)-||X 1 -X 2 || s . 

Proof. Let <f> = F x rj — n — Cxi] G T S (A 1 (M). By compactness of M, it suffices to obtain local 
estimates on a coordinate patch W i [/ chosen as in Lemma 4.2.7. In the notation of Lemma 4.2.7 
the one form 6 can be written 



<j> = Ql^X) X l Xi + Q%{X) X i dX' 

= Q ijtk (x,X(x))X i (x)X j (x)dx k + Q ij (x,X(x))X i (x)dX j (x) , 

where Qij 7 k and Qij are smooth functions on BM\^. 
Suppose that n = 1. Recall that Dr{ttr4>) is defined as 

DrtTrcJ) := d{<j) + f-q) = dxj> + d R f A -q + f A dr) . 

where / £ F S ~ 1 (M) is the unique function with rj A (d<fi + /dr/) = 0. Because the map /i i— )• hrj Adrj 
is a smooth linear isomorphism, ||/|| s _i -< \\fr] A dr/|| s _i. We can, therefore, estimate as follows: 

Pi^|| s - 2 -< ||#|| s _ 2 + ||/|| s _l -< ||#|| s _2 + ||# A r?|| s _i . 

Thus, we need only estimate ||d0|| s _2 and \\d(j) A r/|| s _i: 

11^11^-2 = \\d(Q ijtk {x,X)X i X^> dx k + Q ij (x,X)X l dXi)\\ WjS _ 2 

-< \\X\\w,s-l\\X\\w,s 

\\(d(t>Av)\\w,s-i ■< \\d{Q ij , k {x,X)X i XHx k + Q ij {x,X)X i dX^) Ar}\\w,s-\ 

-< \\X\\w,s-l\\X\\w,s ■ 
The proof of the second inequality follows by similar reasoning. 

Now suppose that n > 1. Then 
\\d R ir R (F x rj -rj- C x )\\w,s-i = \WRd<p\\w, s -i 

= \\d R {Q ijtk {x,X)X i xUx k ) + d R (Q ij (x,X)X i ) A dnX^Ww,.-.! 

-< \\X\\w,s \\X\\w,s-l 
The proof of the last inequality in the statement of the lemma follows by similar reasoning. □ 



Proof of Proposition 4-6-1 Recall the definition of VP, 

(4.6.4) ty(X) - X = &- 1 o vr o $(X) - X = $" 1 o vr o $(X) - S -1 o $(X) 



where \IJ is the map defined in Theorem 4.3.7 and where n(g ©a©w) = g. Because <3? 1 is smooth 



(and thus of class C 1 ), Equation (4.6.4) implies the inequality 



\\v(X) - x\\ 9 -< ||K o $(x) - $(x)\\\ 9 = lupous , 

where vr J -((7 © a © u) := a © u and |||<7 © a © w||| s := ||g|| s +i + \\ot © w|| s . Consequently, to prove 
the estimate dij), we need only estimate the terms in the expansion 



(4 6 5) n x $(X) - n n + l ) G R 5 R^R F *xn)®{GRD R DR{n R F* x T l )®HR{-KRF* x 7 1 )), for n = 1 
| (n + l)G fl <J fl (7Tfli^r/) © (nG^^^F*^) © H R {-K R F x rj)) , torn > 1 
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given in Theorem 4.3.7 By Lemma |4. 2. 7 we have the local formula 



F xV = rj + CxV + Qh(x, X)X l X^ + Q?,(x, X)X i dX^ . 



Therefore, because X is contact and so ir R (Cxv) = 0, Lemma 4.6.2 implies the estimate 

hR( F xV)\\s-i ■< \Wrv\\s-i + \\7r R {C x v)\\s-i + \\X\\ S ||-X"|U— l = ||X|| S ||^IU-i • 



Taking into account the orders of the various operators in Equation (4.6.5 ) and recalling Lemma 4.6.3 
we can estimate as follows: 

For n > 1, 

\\G R S R 7T R (F xV )\\ s -< \\* R (*xV)h-i -< II^IUII^IU-i 
\\H R 7r R (F xV )\\ s -< ||7r fl (i^»7)||,_i -< \\X\\ S \\X\\ S ^ ; 

for n = 1, 

\\G R D R D R ir R (F xV )\\ s -< \\D R n R (F xV )\\ s -2 ■< \\X\\ S \\X\\ S ^ ; 
and for n > 1, 

\\G R 5 R d R 7T R (F xV )\\ s ~< \\d R n R (F x r,)\\ s -i -< \\X\\ S \\X\\ S ^ . 

This concludes the proof of ^ . 
We now show that 

|| (tf(X 2 ) - X 2 ) - (*(Xi) - Xi) \\ s -< \\X 2 - Xi||,_i(||X 2 ||, + ||Xi|| s ) 

+ ||X 2 -X 1 || s (||X 2 || s _i + ||Xi|| s _ 1 ). 

Set F := ^(Xj) — Xi, i = 1,2. Differentiability of the map <& _1 implies the inequality 

\\y 2 - y 1 \\ s = || (*(x 2 ) - x 2 ) - (*(xo - xo ||, -< |||$(f 2 - vi)||U ; 

which, by adding and subtracting a term and applying the triangle inequality, implies the inequality 

(4.6.6) ||Y 2 - F|| s -i HKtt 1 o $(X 2 ) - vr^ o $(Xi))||| s 

+ |||$(F 2 - Fi) + (tt 1 o $(X 2 ) - vr^ o $(X!))||| S . 



To conclude the proof, we need only estimate each term on the right-hand side of (4.6.6). 



To estimate the first term, note that by Lemma 4.2.7 applied to the contact vector fields Xi, we 
have the local formula 

krFx^ = kr(v + £x,r? + Qri(Xi)) = ir R {Qn{Xi)) . 



This and Equation (4.6.5) imply the inequalities 



and 



|tt x o $pr 2 ) - ir 1 - o $(Xi)||| s -< IKbCq,,^) - Q„(xO)||._i 

+ PflTTB (Qr,(X 2 ) " Q V (Xl)) \\s-2 for 71 = 1 



-< |MQ„(X 2 ) - Q„(Xi))|| s _i 

+ HdjiTTH (Q„(X 2 ) - Q„(.Xi)) || s _! for n > 1 . 
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Evoking Lemma 4.6.2| and Lemma |4.6.3| then yields the estimate of the first term we need: 
HKtt 1 o $(X 2 ) - vr^ o <^(X 1 ))\\\ S < ||(X 2 - X X )\\ S . X {\\X 2 \\ S + \\Xx\\ a ) 

+ ||(X 2 -X 1 )|| S (||X 2 || S _ 1 + ||X 1 || S _ 1 ). 



We estimate the second term in (4.6.6) as follows. We first claim that <I>(Y 2 — Y x ) = ir o$(y 2 -Fi). 
To see this, use the definition *&(X) = $ _1 o tt o <&(X) for any vector field X and the linearity of 
the map tt o <3? to write tt o $(Y) in the form 

TT O $(15) = 7T O $(*(Xj) - X) = TT O $($-! OTTO $(Xj)) - TT O $(Xj) = . 

It follows that vr o $(Y 2 - Yi) = 0; hence, tt 1 - o $(T 2 - Yi) = $(Y" 2 - Yi). Next, since $(X) = 
$ _1 o 7r o 3>(X), we have 

vr- 1 o $ o *(Xj) = vr^vr o $(Xj) = . 



Combining these two identities shows the second term in (4.6.6) can be written 
$(Y 2 - Y{) + (tt 1 o $(X 2 ) - vr^ o $(Xi)) 

= tt 1 - {$(y 2 - Yi) + ($(x 2 ) - $(* (x 2 )) - $(Xi) + $(*(Xi))} . 

We now show that 

(4.6.7) n x {$(y 2 - y x ) + ($(x 2 ) - $(*(x 2 )) - $(x x ) + *(*(Xi))} 

= l (q„(y 2 - yi) - (Q v mx 2 )) - Q v mxi))) + (Qv( x 2) - Q n {Xi))) 

where L is the linear operator defined by 

'{(n + 1) G R 5 R [G R D* R D R + F fi )} o vr fi (0) , for n = 1 
{(n + 1) G R 5 R (n G R 5 R d R + H R )}o n R (<f>) , for n > 1 . 

= rj to the vector fields Y 2 — Y±, X{ and VP(Xj) to obtain 



m) :-- 



To see this, apply Lemma 4.2.7 with cj. 
the three expansions 

FZ.r, = ri + £x i V + Qr,(Xi) 
K(x t )V = V + C 9{Xt) rj + QnWXi)) 
F*Y 2 - Yl )V = £y 2 V -C Yl v + Qv( y 2 - Yx) . 

Substituting these expressions into Equation (4.6.5) and collecting terms reveals that the terms 
involving the Lie derivative of rj cancel to yield the identity (4.6.7). Thus, by the triangle inequality, 
to estimate the second term in (4.6.6), we need only estimate each term in the sum 

\\\L(Q V (Y 2 - Yx))\\\s + \\\L(Q V (V(X 2 )) - Q v (V(Xx)))\\\ s + \\\L(Q V (X 2 ) - Q v (Xx))\\\ s 

For each term, we use the estimates 

'\n R (j)\\ s -x + \\D r tt R (J)\\ s ^ 2 + \\H R ir R (j)\\ s , for n = 1 
|7Tr^|| s _i + \\d R 7TR(j)\\ s -x + \\H R ir R (fi\\ s , for n > 1 . 



\L 



-< 



Noting the degree of the various linear operators in the definition of L and employing Lemmas 4.6.2 
and 14.6.31 shows that 

|||L(Q„(y 2 - Yi))\\\s <\\Y 2 - Yx\\ s )\\Y 2 - Yx\\ s -x , 
\\\L(Q V (V(X 2 )) - Q,(*(X 1 )))||| S -<(||¥(*i)||. + ||*(X 2 )|| S ) • ||*(X 2 ) - ^(^i)|U-i 

+ (||*(Xi)|| s _i + \\*(X 2 )\\ a -i) ■ ||*(X 2 ) - *(Xl)||, , 
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and 

\\\L(Q V (X 2 ) - Qr,(Xi))\\\ a -<{\\Xi\\ a + ||X 2 ||.) • ||*2 - *i|| 8 -i 

+ (\\Xi\\ 9 - 1 + \\X 2 \\s-i)-\\X2-X 1 \\ a 



To conclude the estimate of (4.6.6), note that since \& is C , we can replace ^(Xi) by Xi and 



Y 2 — Y\ by X 2 — X\ everywhere in the first two of the previous three inequalities. □ 
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